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CH 0  PROLOGUE 
 

 

   THE REAL NUMBERS 
 

 The term real number refers to any number 
that is a decimal, or can be written as a decimal.   

 

 Examples of Real Numbers 

 

  14   14 is written 14.0 
 

  7.45   It already is a decimal. 
 

  4
5

    Same as 0.8 

 
  0.757575...  It already is a decimal.   
 

      3.14159. . . 
 

  2   1.41421 . . .  
 

  2
3

   0.666 . . . 

  

 
   

 
  

So, what’s NOT a real number?  The classic example is 
 

     1  
 
We ask ourselves: What number, when squared, equals 1?  No way!  Every 
number squared is at least 0, and most likely positive, never negative. 
 

We thus have a number, 1 , that cannot be written as a decimal, and therefore 

is not a real number. 
 
But we do call it an imaginary number denote it with the letter i. 
 

   1i    
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Homework 

1. Explain why each of these numbers is classified as a real 

number: 

 

  a.  34.56   b.  99  c.  
3
   d.  44   e.  25  

 

  f.  4
5

    g.  23
99

  h.  0.010010001 . . .  

 

  i.  2.74365  j.  44.90867633 . . .   k.  0  l.  3 64  

 

 

2. Explain why each of these numbers is not a real number: 

 

  a.  9     b.  30     c.  4 16     

 

 

   TWO IMPORTANT THINGS WE DO TO REAL NUMBERS 
 

Opposite 
 

The opposite of a real number is found by changing the sign of the 

number.  For example, the opposite of 7 is 7, the opposite of  is , 

and the opposite of 0 is 0 (since 0 doesn’t really have a sign).  The 

opposite of n is n, and the opposite of n is n.  Also notice that the sum 

of a number and its opposite is always 0; for example, 17 + (17) = 0. 
 

When considering numbers on the real number line, two numbers are 

opposites of each other if they’re the same distance from 0, but on 

opposite sides of 0.  [Note that although 0 is the opposite of 0, it’s kind 

of hard to justify the claim that they’re on “opposite” sides of 0.] 
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Homework 

3. What is the opposite of each number? 
 

 a.  17  b.  0  c.  3.5  d.  8  e.  2  

 

4. a. T/F: Every number has an opposite. 

 b. The opposite of 0 is ____. 

 c. The opposite of a negative number is always _____.  

 d. The opposite of a positive number is always _____.  

 e.  The sum of a real number and its opposite is always _____. 

 

5. Using the formula y = x, find the y-value for the given 

x-value: 
 

  a.  x = 9     b.  x = 3   c.  x = 0       d.  x =     e.  = 2x   

 

 

Reciprocal 
 

The reciprocal of a real number is found by dividing the number 

into 1.  Equivalently, the reciprocal of x is 1
x

, and the reciprocal of a
b

 is 

b
a

.  Every real number has a reciprocal except 0; the reciprocal of 0 

would be 1
0

, which is undefined, as explained in detail later in this 

Prologue.   
 

Notice that the reciprocal of a positive number is positive, and the 

reciprocal of a negative number is negative.  In addition, the product 

of any real number with its reciprocal is always 1; for example, 

2 7
7 2

= 1 . 
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Homework 

6. Find the reciprocal of each real number: 
 

 a.  5  b.  2
9

  c.  7
3

  d.  1  e.  0  f.  1


  g.  3  

 
 

7. a. T/F: Every number has a reciprocal. 

 b. The reciprocal of 0 is ____. 

 c. The reciprocal of a negative number is always _____.  

 d. The reciprocal of a positive number is always _____.  

 e.  The product of a real number and its reciprocal is always ____. 
 
 

8. Using the formula 1=y
x

 , answer each question: 

 a. If x = 14, then y = ____.    b. If x = 2
3

, then y = ____. 

 c. If x = 99, then y = ____.   d. If x = 5
4

 , then y = ____. 

 e. If x = 0, then y = ____. 

 
 

   THE FIVE LAWS OF EXPONENTS 
 

  A. 3 4 7x x x    B. 
10 8
2

x x
x

  

 

  C. 5 5 5( )xy x y    D. 
10 10

10
x x
y y

 
 
 

  

 

  E. 
43 12( )x x    F. 0 1x    (as long as x  0) 

 

  G. 
12

15 3
1w

w w
    H. 0 0( ) (1) 1 1xy xy x x      

 
 I. 3 4a b  cannot be simplified (the bases are different). 
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Homework 

9. Simplify each expression: 

 

 a.  7 4x x   b.  
4

3

y

y
  c.  (r4)5   d.  (ab)12 

 

 e.  

4
p
q

 
 
 

  f.  3 3 2a a a  g.  (abw)3  h.  (2h)0 + 2h0 

 

 

   FRACTIONS 
 
Operations with Fractions 

   

 2 1 4 3= =
3 2 6 6

     7
6

    4 2 4 2 12 10= = =
5 3 5 3 15 15

 
    
 

22
15

 

 

 2 2 637 = =
9 9 9
   61

9
     2 5 =

3 7
  

   
  

10
21

 

 4 4 1 42 = = =
7 7 2 14

     2
7

   1 1 1 1 =
2 3 4 5

    
       
    

1
120

 

 
1
3

8 8 1 8 3= = =
1 3 1 1


    24  

 

9
4 9 9 2 9 1= 2 = = =
2 4 4 1 4 2


        


9
8

 

  

 Note:   A negative sign can “float.”  For instance, 

      30 30 30= =
6 6 6
 


 

   since all of these fractions have the value 5.  
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Powers and Square Roots of Fractions 
 
An exponent still means what it always has, so these next examples 

should be clear. 
 

 
2

2 2 2= =
3 3 3
   
 

4
9

   
3

1 1 1 1= =
4 4 4 4

              
     

1
64

 

  
1

9 =
4

   
 

9
4

    
8

1 1 1 1 1 1 1 1 1= =
2 2 2 2 2 2 2 2 2
         
 

1
256

 

 

As for the square root sign, we still ask: What number (that’s not 

negative) times itself gives the number in the radical sign? 

 

  9 =
25

3
5

  This is true because 
2

3 9=
5 25
 
 
 

. 

 

  1 =
144

1
12

  This is due to the fact that 1 1 1=
12 12 144

 . 

 

  4
49

  does not exist as a real number, because 4

49
  is a negative 

number, and square roots of negative numbers are outside the real 

numbers.  It’s an imaginary number.   

 

  4
49



 does exist as a real number, because the fraction is actually a 

positive number:  4 4= =
49 49



2
7

. 
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Homework 

Perform the indicated operation: 
 

10. a. 1 4
2 5

      b. 1 1
3 3

 
   

 
   c. 2 5

3 6
 

  
 

 

 d. 4 2
5 3

      e. 49
5

      f. 21
3

   

 g. 8 5
3
      h. 2 ( 1)

3
      i. 1 2

4 7
   

 

11. a. 1 5
2 6

  
   
  

   b. 2 3
3 2

  
  
  

    c. 5 6
6 5

    

 d. 2 3
3 2

       e. 1 9
2
      f. 37

4
   

 

 g. 

2
3
1
9




     h. 

4

5

8
     i. 

4
5

5
8


 

 

12. True/False:   = =a a a
b b b
 


        [assuming b  0] 

 

13. a. 
2

2
3

 
 
 

    b. 
3

1
2

 
 
 

    c. 
4

1
3

 
 
 

 

  

 d. 
1

14
19

 
 
 

    e. 
5

1
2

 
 
 

    f. 
6

2
3

 
 
 

     

  
 

14. a. 81
100

    b. 36
64

     c. 1
4

 

 

 d. 1
9

     e. 121
144

    f. 25
81

  

 

 g. 256
289



    h. 14 14
17 17

 
   

 
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   ORDER OF OPERATIONS 
 

Order of Operations 

Parentheses and Brackets [(  )] 

Exponents 

Multiply & Divide  (left to right) 

Add & Subtract  (left to right) 
 
 

Note:  Certainly (5)2  =  25, since both the 5 and the minus 

sign are being squared [i.e., (5)2  =  (5)(5)  =  25].  

However, consider the expression  
 

    52   
 

  Do we square the 5?  The answer is NO; the exponent 

attaches to the 5 only.  The justification is the Order of 

Operations, which states that exponents (near the top of 

the chart) are to be done before we deal with negative 

signs (which are at the bottom of the chart).  So, 

although (5)2  =  25, we must agree that 
 

    52  =  25 
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Homework 

15. Evaluate (simplify) each expression: 

  a. 3  102  (8  4)3  3  2    b. (5  3)2 + (10  7)3 

  c. [3 + 2(5)]  1 + 3  10     d. 2(10  5)2  12  3 

  e. [2(10  5)]3  (10  102)    f. (1 + 4)2  (4 + 1)2 

  g. [(32  22)3  80]  (36 / 4)   h. 3  42  (13  12)3 

  i. 10 + 8(8  1)2  3  2  1   j. [82  23 + 3  4  2(7)]2 

  k. [20  (5  2)2]2  2  3  4   l. [13  (8  3) + (10  2)]3 

 

 

16. Evaluate each expression for the given values: 

  a. (x + y)2  for x = 2 and y = 1    

  b. x2 + y2  for x = 10 and y = 5 

  c. x2 + xy + y2  for x = 3 and y = 6 

  d. (x + y)(x  y)  for x = 10 and y = 2 

  e. x2  y2  for x = 12 and y = 10 
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   DIVISION AND THOSE PESKY ZEROS 
 

It’s a mathematical fact of life that the only number 

that’s never allowed to be in the denominator (bottom) of 

a fraction is zero.  Sometimes this is phrased  
 

   “Never divide by zero.”   
 

What’s the big deal? 
 

Recall from elementary school that  

    56 8
7

   because 8  7  =  56. 

 

Zero on the Top (but not on the bottom) 
 

How shall we interpret the division problem  
 

   0 = ???
7

 

 

What number times 7 yields an answer of 0?  Well, 0 works; that is, 

    0 0
7

    because 0  7  =  0. 

Moreover, no other number besides 0 will work.  

 

Zero on the Bottom (but not on the top) 
 

Now let’s put a zero on the bottom and see what happens: 

    9 = ???
0

 

Let’s try an answer of 0; unfortunately 0  0 = 0, not 9.   

How about we try an answer of 9?  Then 9  0 is also 0, not 9.   

Could the answer be ?  No;   0 = 0, not 9. 
 

  

The result of 
dividing by zero 
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In fact, any number we surmise as the answer will have to multiply 

with 0 to make a product of 9.  But this is impossible, since any number 

times 0 is always 0, never 9.  In short, no number in the whole world 

will work in this problem. 

 

Zero on the Top AND the Bottom 
 

Now for an even stranger problem with division and zeros:  

    0 = ???
0

 

We can try 0; in fact, since 0  0 = 0, a possible answer is 0. 

Let’s try an answer of 5; because 5  0 = 0, another possible answer is 5. 

Could  possibly work?  Since   0 = 0, another possible answer is . 
 

Is there any end to this madness?  Apparently not, since any number 

we conjure up will multiply with 0 to make a product of 0.  In short, 

every number in the whole world will work in this problem. 

 
Summary: 
      

1) Zero on the top of a fraction is perfectly okay, as long as the 

bottom is NOT zero.  The answer to this kind of division 

problem is always zero.  For example, 0 = 0
7

. 

 

2) There is no answer to the division problem 9
0

.  Clearly, we 

can never work a problem like this. 

 

3) There are infinitely many answers 

to the division problem 0
0

.  This 

may be a student’s dream come 

true, but in mathematics we don’t 

want a division problem with 

trillions of answers.   
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“Black holes 

are where 

God divided 

by zero.”  

 

Steven 

Wright 
 

  Each of the problems with a zero in the denominator leads to a 

major conundrum, so we summarize cases 2) and 3) by stating that  
 

  DIVISION BY ZERO IS UNDEFINED!   
 

 Our final summary: 

 
0 = 0
7

     

 
9 is undefined
0

   

 
0 is undefined
0

 

 

 

 

Homework 

17. Evaluate each expression, and explain your conclusion: 
 

 a. 0
15

   b. 32
0

   c. 0
0

 

 

18. Evaluate each expression: 

 

 a.  0
17

  b.  0
9

   c.  6 6
17 3



  d.  
23 8 1

100
   

 

 e. 98
0

  f.  44
0
    g.  

3

7 8

2 8




  h. 

27 40
23 23


 
 

 

 i. 0
0

   j. 9 9
10 10
 


  k. 
2

2 3

5 25

0 0




  l. 

3

4 5 2 10

3 9

  


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19. 0 = 0


 because 

  a. 0 is the only number multiplied by  that will produce 0. 

  b. no number times  equals 0. 

  c. every number times  equals 0. 

 

20. 0
0

 is undefined because 

  a. no number times 0 equals 0. 

  b. every number times 0 equals 0. 

  c.  any number divided by itself is 1. 
 
 

21. 7
0

 is undefined because 

  a. 0 is the only number multiplied by 0 that will produce 7. 

  b. no number times 0 equals 7. 

  c. every number times 0 equals 7. 
 
 
22. a. The numerator of a fraction is 0.  What can you conclude? 

 b.  The denominator of a fraction is 0.  What can you conclude? 

 

 

   LINEAR EQUATIONS AND FORMULAS 
 

Solve for x:        2(3x  7)  5(1  3x)  =  (4x + 1) + (x + 7) 

 

Solution: The steps are  
 

  1)  Distribute 

  2)  Combine like terms 

  3)  Solve the simplified equation 
 

 2(3x  7)  5(1  3x)  =  (4x + 1) + (x + 7)    

 6x  14  5 + 15x  =  4x  1 + x + 7 (distribute) 

 21x  19  =  5x + 6   (combine like terms) 

 21x  5x  19  =  5x  5x + 6  (subtract 5x from each side) 

 16x  19  =  6    (simplify) 
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 16x  19 + 19  =  6 + 19   (add 19 to each side) 

 16x  =  25     (simplify) 

               16 25
=

x

16 16
        (divide each side by 16) 

       (simplify) 

 

 

 

Homework 

23. Solve each equation:   

  a. 4(a  6) + (5a  3)  =  6(2a + 1)  (5a + 4) 

  b. 2(8e  6)  8(3e  2)  =  3(8e  7)  4(2e + 9) 

  c. 5(9r  5) + 3(8r + 3)  =  2(8r  3)  3(7r + 7) 

  d. 9(7j  6)  7(5j + 3)  =  6(8j + 1) + 5(5j  8) 

  e. 6(9d + 6) + 3(3d  9)  =  8(d  9)  8(3d  4) 

 

 

Solve for x:      nx w e f
y + z

 

 

Solution: Notice the use of parentheses in the solution. 

 

  nx w e f
y z
  


        (original formula) 

   

      e f
nx w
y z

y z y z 


       (multiply each side  

              by y + z) 

 

  nx  w  =  (e  f)(y + z)       (simplify) 

 

25
16

=x  
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  ( )( )nx e f y z w           (add w to each side) 

 

            (divide each side by n) 

 

 

 

Homework 

24. Solve each formula for x: 

  

 a. x  c  =  d   b. 2x + b  =  R   c. abx  =  c 

 d. =x N
u

    e. x(y + z)  =  a  f. =x c d
n

  

 g. =x m n
a b




  h. =x c Q
c Q




  i. =x a b c
R

   

 j. 
1 2

( ) =x b b A   k. =x e m
a
    l. =x a y

b
  

 m. =
ax by

z
c


  n. =cx a h g

y z
 


  o. =ax b d Q
c
   

 p. 9 =x u w m n
Q R
  


  q. 9x  7y + 13  =  0 

 

 

   THE PYTHAGOREAN THEOREM 
 

The Right Triangle 
 

An angle of 90 is called a right angle, 

and when two things meet at a right angle, 

we say they are perpendicular.  For 

example, the angle between the floor and 

the wall is 90, so the floor is perpendicular 

to the wall.  And in Manhattan, 5th Avenue 

is perpendicular to 42nd Street.   
 

( )( )e f y z w
x

n

  

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Leg 

Leg 

90 

If a triangle has a 90 angle in it, we call it a right triangle.  The two 

sides that form the right angle (90) are called the legs of the right 

triangle, and the side opposite 

the right angle is called the 

hypotenuse (accent on the 2nd 

syllable).  It also turns out that 

the hypotenuse is always the 

longest side of a right triangle. 

 
 
 
 

The Pythagorean Theorem 
 

Ancient civilizations discovered that a 

triangle with sides 5, 12, and 13 would 

actually be a right triangle; that is, a 

triangle with a 90 angle in it.   

[By the way, is it obvious that the 

hypotenuse must be the side of length 13?]   
 

But what if just the two legs are known?  Is 

there a way to calculate the length of the 

hypotenuse?  The answer is yes, and the formula dates back to 600 BC, 

the time of Pythagoras and his faithful followers. 
 

To discover this formula, let’s rewrite the three sides of the above 

triangle: 

   leg = 5  leg = 12   hypotenuse = 13 

Here’s the secret:  Use the idea of squaring.  If we square the 5, the 12, 

and the 13, we get 25, 144, and 169; that is, 

   52 = 25  122 = 144 132 = 169 

and we notice that the sum of 25 and 144 is 169: 

   25 + 144  =  169 

5 

12 

13 

A Classic Right Triangle 
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In other words, a triangle with sides 5, 12, and 13 forms 

a right triangle precisely because 

    52 + 122  =  132 

Now let’s try to express this relationship in words — it 

appears that  
 

When you square the legs of a right 

triangle and add them together, you 

get the square of the hypotenuse. 

 

As a formula, we can state it this way: 
 

If a and b are the legs of a 

right triangle and c is the 

hypotenuse, then 

        a2 + b2  =  c2 

 

Solving Right Triangles 
 

EXAMPLE:  The legs of a right triangle are 6 and 8.  Find 

the hypotenuse. 

 

Solution: We begin by writing the Pythagorean Theorem.  Then 

we plug in the known values, and finally determine the 

hypotenuse of the triangle. 
 

 a2 + b2  =  c2   (the Pythagorean Theorem) 

 62 + 82  =  c2   (substitute the known values) 

 36 + 64  =  c2   (square each leg) 

 100  =  c2    (simplify) 

 

What number, when squared, results in 100?  A little 

experimentation yields the solution 10 (since 102 = 100).  Also be 

We may have named the 

formula after Pythagoras, 

but the Babylonians were 

using the rule 1000 years 

before Pythagoras was 

born. 
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sure you can use your calculator to calculate 100 .  Our 

conclusion: 

     

 

 

      Note: The equation 100 = c2 also has the solution c = 10 

[since (10)2 = 100].  But a negative length makes no 

sense, so we stick with the positive solution, c = 10. 

 

 

Homework 

25. In each problem, the two legs of a right triangle are given.  

Find the hypotenuse.   
  

  a. 3, 4    b. 5, 12   c. 10, 24  d. 30, 16 

  e. 7, 24   f. 12, 16  g. 30, 40  h. 9, 40 

  i. 12, 35  j. 20, 21  k. 48, 55  l. 13, 84 

  m. 17, 144  n. 11, 60  o. 51, 140  p. 24, 143 

 

 

   INEQUALITIES 
 

You must score between 80% and 89% to get a B in your 

math class. 
 

You must be at least 18 years of age to vote. 
 

You can be no taller than 48 inches to play in the park. 
 

These are all examples of quantities being greater than something or 

less than something.  Since they are not equalities, they are called 

inequalities.   
 

The hypotenuse is 10 
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We know that 5 is bigger than 3, which we can write as “5 > 3.”  The 

symbol “>” can also be read as “is larger than” or “is greater than.” 
 

But, of course, the fact that 5 is larger than 3 is the same as the fact 

that 3 is less than 5.  This is written “3 < 5.” 
 

The symbol “” can be read 

“is greater than or equal to.”  

For example, 9  7 because 

9 is indeed greater than or 

equal to 7.  (Actually, it’s 

greater than 7, but that 

doesn’t change the fact that 

it’s greater than or equal to 

7.)  And believe it or not, 12 

 12 is a true statement — after all, since 12 = 12, it’s certainly the case 

that 12 is greater than or equal to 12.   
 

The symbol “” is read “less than or equal to.”  

A couple of examples are 6  10 and 8  8.  

 

 

  

Homework 

26. T/F: 

  a.  7 > 3   b.  2 < 1    

  c.  13  13  d.  9  9 

  e. 12  9  f. 18  20   

  g.  > 0   h. 2 0   

 
 
  

>  means “is greater than” 
 

<  means “is less than” 
 

  means “is greater than or equal to” 
 

  means “is less than or equal to” 
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27. Express each statement as an inequality: 
 

 a. Your age, a, must be at least 18 years. 

 b. Your height, h, can be no taller than 48 inches. 

 c. Your years of experience, y, must exceed 10 years. 

 d. The number of driving tickets, t, must be fewer than 5. 

 e. The mean,  (Greek letter mu), must be at least 75. 

 f. The standard deviation,  (Greek letter sigma), must be no 

more than 10. 

 g. The energy, E, must be greater than 100. 

 h. The mass, m, must be less than 3.7. 

 

 

 

Solutions 

1. a.  It’s a decimal.   

 b.  It can be written 99.0, a decimal. 

 c.  It’s approximately 1.047198, a decimal.  

 d. It’s approximately 6.6332, a decimal. 

 e.  It’s 5, which is the decimal 5.0. 

 f.  It equals 0.8, a decimal. 

 g.  It’s a (repeating) decimal, 0.232323 . . .  

 h.  It’s a (non-repeating) decimal. 

 i.  It’s a (terminating) decimal (or it’s repeating with zeros). 

 j.  It’s a (non-terminating) decimal. 

 k.  0 = 0.0, a decimal. 

 l.  It equals 4, which equals 4.0. 
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2. a.  No real number squared is going to be negative. 

 b.  No real number squared is going to be negative. 

 c.  Any real number to the 4th power is going to be 0 or higher, never          

negative. 

 

3. a.  17  b.  0  c.  3.5  d.  8  e.  2  
 

4. a.  True  b.  0 c.  positive d.  negative  e.  0 
 

5. a.  9  b.  3  c.  0   d.    e.  2  
 

6. a.  1
5

 b.  9
2

 c.  3
7

  d.  1 e.  Undefined f.    g.  3  

 

7. a.  False; 0 has no reciprocal.  b.  Undefined c.  negative 

 d.  positive  e.  1 
 

8. a.  1
14

  b.  3
2

  c.  1
99

   d.  4
5

   e.  Undefined 

 

9. a.  x11  b.  y   c.  r20   d.  a12b12   

 e.  
4

4

p

q
  f.  a8  g.  a3b3w3  h.  3  

 

10. a. 13
10

  b. 0  c. 3
2

  d. 2
15

  e. 41
5

 

 f. 5
3

   g. 7
3

   h. 1
3

  i. 15
28

  

 

11. a. 5
12

  b. 1  c. 1  d. 4
9

  e. 1
18

  

 f. 28
3

  g. 6  h. 1
10

  i. 32
25

  

 

12. True 
 

13. a. 4
9

  b. 1
8

   c. 1
81

  d. 14
19

  

 e. 1
32

  f. 64
729
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14. a. 9
10

  b. 3
4

  c. 1
2

  d. 1
3

  e. 11
12

 

 f. Not a real number g. 16
17

  h. 0 

 
15. a.  230  b.  31  c.  42  d.  46  e.  1   f.  0 

 g.  5   h.  47  i.  396  j.  2916  k.  97  l.  4096 
 

16. a.  (x + y)2  =  (2 + 1)2  =  32  =  9   

 b.  x2 + y2  =  102 + 52  =  100 + 25  =  125   

 c.  63  d.  96  e.  44  

 

17. a.  0 = 0
15

 since 0  15  =  0, and 0 is the only number that accomplishes 

this. 
 

 b.  32
0

 is undefined because any number times 0 is 0, never 32; thus NO 

number works. 
 

 c.  0
0

 is undefined because any number times 0 is 0; thus EVERY number 

works. 
 

18. a.  0 b.  0 c.  0  d.  0 e.  Undefined f.  Undefined 

 g.  Undefined h.  Undefined i.  Undefined j.  Undefined 

 k.  Undefined l.  0 
 

19. a.   20. b.   21. b. 
 

22. a. You can’t conclude anything — it depends on what’s on the bottom.  If 

the bottom is a non-zero number (like 7), then 0
7

= 0 .  If the bottom is 

zero, then  0
0

 is undefined. 

 b. This time we can conclude that the fraction is undefined, since 

division by 0 is undefined, no matter what’s on the top of the fraction.  
 

23. a. 19=
16

a    b. 61=
24

e    c. 1=
16

r  

 d. 41=
101

j    e. 167=
13

d  
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24. a. x  =  d + c   b. =
2

R bx      c. = cx
ab

 

 d. x  =  Nu    e. = ax
y z

   f. x  =  n(c  d) 

 g. x  =  (m  n)(a + b) h.  x  =  (c + Q)(c  Q) i. x  =  R(a  b + c) 

 j. 
1 2

= Ax
b b

   k. x  =  a(m + e)  l. x  =  by  a 

 m. =
cz by

x
a


   n.  

( )( )
=

h g y z a
x

c
  

 

 

 o. 
( )

=
c Q d b

x
a

 
  p. 

( )( )
=

9

m n Q R w u
x

   
   

 q. 
7 13

=
9

y
x


 

 
 

25. a.  5  b.  13  c.  26  d.  34  e.  25  f.  20  

 g.  50  h.  41  i.  37  j.  29  k.  73  l.  85 

 m.  145  n.  61  o.  149  p.  145   
 
 

26. a.  T   b.  T   c.  T   d.  T 

 e.  T   f.  F    g.  T   h.  T 

 

27. a.  a    18  b.  h    48  c.  y  >  10  d.  t  <  5 

 e.  75    f.  10    g.  E  >  100  h.  m  <  3.7 

 

 

  



 

Ch 0  Prologue 

xxiv 

      
 

“The greatest mistake 

you can make in life  

is to be continually 

fearing you will  

make one.” 
 
 

  Elbert Hubbard (1856–1915) 



“Excellence is never an accident.  It is always the 

result of high intention, sincere effort, and 

intelligent execution.  It represents the wise 

choice of many alternatives – choice, 

not chance, determines your destiny.” 
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CH 1  LOGIC 
 

 

n everyday use, “Go see Star Wars tonight” 

might be considered a statement.  But in 

logic and math, it’s not a statement because a 

statement is an assertion that can clearly be 

classified as either true or false (even if we 

don’t know which one).   
 

  

   STATEMENTS AND IMPLICATIONS 
 

“The quadratic formula works for all quadratic equations” is a 

statement (and it’s true).  Another statement is “2 + 2 = 5” (but it’s 

false).  Even “There are 100 billion stars in our galaxy” is a statement.  

I have no idea whether it’s true or false, but I’m sure that it’s either 

true or false. 
 

Most of the results in mathematics are actually a special hooking-

together of two statements; we call these implications.  An 

implication is sometimes called an “if-then” statement.  If p and q are 

statements, then an implication can be written 

    If p, then q  

   or, p implies q 

   or, p    q  

The statement p is called the hypothesis and the statement q is called 

the conclusion. 
 

For example, the fact that the square of an odd number is odd (for 

example, 52 = 25) can be written 

I 

Rodin’s The Thinker 

The essence of computer 
programming lies in the 
if-then statement. 
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    If n is odd, then n2 is odd, 

  or n odd    n2 odd.  
 

 

Homework 

1. Is the following a statement?  “There are exactly 7 people in New 

York City with 32,000 hairs on their heads.” 

 

2. Is the following a statement?  “Walk tall!” 

 

3. Is the following a statement?  “Arvis said, ‘Walk tall!’ ”  

 

4. Goldbach stated many years ago, "Every even number starting 

at 4 is the sum of two primes.”  For example, 20 is an even 

number, and 20 = 17 + 3, where 17 and 3 are prime.  As of today, 

this conjecture has never been proven to be true or false — 

mathematicians simply don’t know.  Is Goldbach’s Conjecture a 

statement? 

 

5. State the hypothesis and conclusion of the statement “If x is any 

real number, then x2  0.” 

 

6. State the Pythagorean Theorem in the “if-then” form. 

 

7. “All dogs go to heaven” is an implication.  Write it in the “if-then” 

form. 

 

8. Consider the implication, “I’ll get an A if I study hard enough.”  

State the hypothesis and conclusion. 

 

9. Convert each implication into the  
 
   “If hypothesis, then conclusion” form: 
 

   a. Whenever I eat pie, I get sick. 

   b. The sidewalks get wet whenever it rains. 

   c. I get A’s if I study. 

   d. The President must be at least 35 years of age. 
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   NEGATION 
 

The negation of a statement is the “opposite” of the statement, and is 

denoted with a squiggle, ~, in front of the statement, although there 

are other notations.  For example, let p be the statement “T is a right 

triangle.”  Then ~p is read “not p” and is the statement “T is not a right 

triangle.” 
 

A more subtle example:  Let q = “All prime numbers are odd.”  Then  

~q = “Not all prime numbers are odd,” meaning, “There is at least one 

prime number which is not odd.”  [Can you name it?] 
 

The bottom line for negation is that if p is true, then ~p 

is false — and if p is false, then ~p is true.  Can you see 

that ~(~p) has the same truth value of p?  What does 

the statement “Nobody doesn’t like Sara Lee” mean? 
 

From the implication p  q and the negation ~, we can create two 

variations of the implication, described in the following two sections. 

 

 

Homework 

10. Let p be the statement, “The 49ers lost the Super Bowl.”  Assume 

that the game cannot end in a tie.   

 State ~p. 

 

11. Let p be the statement “x > 0”.  State ~p. 

 

12. Let p be the statement, “Every triangle is a polygon.”  State 

~(~p). 

 

13. Simplify:  ~(~(~(~p))) 

  

p ~p 

True False 

False True 
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   CONVERSE 
 

The converse of the statement p  q is q  p.  We interchange the 

hypothesis and the conclusion.  Consider the statement, “If you live in 

San Francisco, then you live in California.”  Its converse is “If you live 

in California, then you live in San Francisco.”  The original statement 

is true, but its converse can easily be false. 
 

What’s the converse of the statement “If a triangle has three equal 

sides, then each of its angles is 60”?  It’s the statement, “If each angle 

of a triangle is 60, then the triangle has three equal sides.”  In this 

example, both the statement and its converse are true. 
 

In short, the converse of a true statement may — or may not — be true. 

 

 

   CONTRAPOSITIVE  
 

Consider the true statement above, “If you live in San Francisco, then 

you live in California.”  Though the converse of this statement is false, 

let’s take the converse and negate each part.  This is called constructing 

the contrapositive.  If we do this “switch and negate” maneuver, we 

get the statement, “If you don’t live in California, then you don’t live in 

San Francisco.”  This statement makes sense.  Do you agree? 
 

Therefore, the contrapositive of the statement p  q  is  ~q  ~p.  It 

seems, at least using the above example, that the contrapositive of a 

true statement is true, and indeed this is always the case. 

 

Statement p  q  

Its Converse q  p 

Truth value has no 

relation to the truth of 

the original statement. 

Its Contrapositive ~q  ~p 

Truth value must match 

that of the original 

statement. 
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Homework 

14. Let p = “If it’s dark, then it’s scary.”   
 

 a. State the converse of p. 

 b. State the contrapositive of p. 

 c. Which of the two statements must have the same truth value 

as p? 

 

15. Let q = “If angle A is a right angle, then A = 90.”  State the 

converse.  Is the converse true or false? 

 

16. Let r = “If x = 5, then x2 = 25.”  State the converse.  Is the 

converse true or false? 

 

17. State the converse of the Pythagorean Theorem.  Is the converse 

true or false? 

 

18. Consider the true statement from calculus:  “If ƒ is differentiable 

at x, then ƒ is continuous at x.”  State the converse and the 

contrapositive of the statement.  Which of the two statements 

must be true? 

 

19. Consider the false statement from a branch of math called 

topology:  “If  is in T, then T is a topology.”  State the converse 

and the contrapositive of the statement.  Which of the two 

statements must be false? 

 

20. Consider the implication r  s.  State the converse and the 

contrapositive of the implication.  Which of the two statements 

must have the same truth value as the original implication? 
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   MORE ON COMBINING STATEMENTS 
 

AND Another way to hook two statements together to make a new 

statement is to place the word AND between them.  The meaning 

is the same as that in English.  If 

both p and q are true, then the 

statement p AND q is true.  But if 

either p or q (or both) is false, then 

the statement p AND q is false. 

 

 

The statement “2 + 2 = 4 AND The letter a is a vowel” is true. 

The statement “2 + 2 = 4 AND The letter m is a vowel” is false. 

The statement “2 + 2 = 5 AND The letter z is a vowel” is false. 

 

OR Two statements can be linked by the word OR to create a new 

statement.  In this case, the logical meaning of OR may not be 

consistent with the use of the word OR in English.  In math, as 

long as at least one of the 

statements p or q is true, then the 

statement p OR q is true.  In 

particular, if both p and q are true, 

then p OR q is true. 

 

Thus, the following are true 

statements (since at least one part is true): 
 

 2 + 2 = 4 OR Lincoln is our current president. 

 2 + 2 = 4 OR California is in the U.S.A. 
 

But the following statement is false (since both parts are false): 
  

 The earth is cubical OR 10 + 10  =  29.   
  

  

p q p AND q 

True True True 

True False False 

False True False 

False False False 

p q p OR q 

True True True 

True False True 

False True True 

False False False 
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The OR we use in logic and math  

one or the other or both  is called 
the inclusive OR.   
 
The OR that means one or the 

other  but not both  is called the 
exclusive OR. 

Note that our use of the word OR is not 

the way your mother meant the word 

OR when she said, “You can have ice 

cream OR a cookie.” 

 

 

 

Homework 

21. a. What are the conditions for p and q that will make the 

 statement p AND q true? 
 
 b. What will make p AND q false? 

 

22. a. What are the conditions for p and q that will make the 

 statement p OR q true? 
 
 b. What will make p OR q false? 

 

23. T/F: a. “2 + 2 = 4  OR  Lincoln was the 1st president.” 

   b. “2 + 2 = 4  OR  52 = 25. 

   c. “1 + 3 = 10  OR  I’m 10 feet tall.” 

 

24. T/F: a. “2 + 2 = 4  AND  Lincoln was the 1st president.” 

   b. “2 + 2 = 4  AND  Washington was the 1st president.” 

   c. “California is in Idaho  AND  a circle is a square.” 

 

25. “6  6” is a true statement.  Explain. 

 

26. When is the statement p AND q AND r true? 

 

27. When is the statement p OR q OR r true? 
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28. [Optional] Consider the logical connective, denoted by XOR, and 

defined by the truth table: 

          

            

        

 

 

 

 

 
 
 Give an example from real life that uses this connective. 

 

 

    DEFINITIONS,  AXIOMS,  AND THEOREMS 
 

There are really only two kinds of statements in all of mathematics:  

those you don’t prove (the definitions and axioms), and those you do 

prove (the theorems). 
 

Consider the following definition:  A right angle is an angle whose 

measure is 90.  [The Babylonians adored the number 360, and 90 is 

one of its many factors.]  Is this definition right or wrong?  It’s not right 

or wrong — it just is.  If you disagree with the definition, then you can 

either accept it so you’ll pass your math course, or you can define it 

differently and perhaps create a new branch of mathematics! 
 

An example of an axiom is the commutative property for addition of 

two numbers:  a + b  =  b + a.  We accept this as fact — we don’t 

consider whether or not there’s a proof.  Why do we accept this axiom?  

Well, it seems to work for all the number systems we’ve seen in algebra 

— it seems “intuitively” clear.  [Not necessarily the case in advanced 

math courses.] 
 

A theorem, on the other hand, is a statement that requires a proof.  

The proof of a theorem is based on definitions, axioms, and previously 

proved theorems.  The Quadratic Formula is an example of a theorem, 

and can be expressed as an implication: 

p q p XOR q 

True True False 

True False True 

False True True 

False False False 
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  If ax2 + bx + c  =  0 (where a  0), then 
2 4

2
b b ac

x
a

  
 . 

The classic theorem is the Pythagorean Theorem: 
 

 If a and b are the legs of a right triangle and c is the hypotenuse, 

 then a2 + b2  =  c2. 

 

At the end of a proof of a theorem we sometimes write Q.E.D., which is 

Latin for quod erat demonstrandum, which loosely translates to “as was 

to be proved.” 

 

 

Homework 

29. A group is a semigroup with identity.  Is this definition right or 

wrong? 

 

30. Prove the axiom:  If a and b are numbers, then ab = ba. 

 

31. The formula for slope ( )
y

x
m




  is not a theorem.  What is it, then? 

 

32. a. Why is the Distance Formula in the plane considered a 

 theorem?   

 b. State the hypothesis and conclusion.   

 c. What geometry theorem is the Distance Formula based upon? 

 

33. State the hypothesis and conclusion of the Quadratic Formula. 

 

 

   EXAMPLES AND COUNTEREXAMPLES 
 

Consider the statement:  If x is any number, then x2x3 = x5.  Here’s an 

example of this.   

  Let x = 2.  Then, 
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  x2x3 gives 22  23  =  4  8  =  32; and 
 

  x5 gives 25 = 32.   
 

What have we proved?  Not much — just that 22  23 = 25.  But this in 

no way proves the more general statement, x2x3 = x5.  It is just an 

example.  It gives some credence to the general statement, but nothing 

more. 
 

Now consider the statement:  If a and b are numbers, then  

(a + b)2 =  a2 + b2.  Though this statement is true sometimes, it’s 

considered to be a false statement.  To prove that a statement is false, 

all we need is one counterexample: an example that runs counter 

(contrary) to the statement.   
 

 Let a = 3 and b = 4.  Then, 

   (3 + 4)2  =  72  = 49, 

whereas 32 + 42  =  9 + 16  =  25.       
 

Therefore, (a + b)2  =  a2 + b2 is a false statement, and it took only one 

counterexample to prove that it’s false. 

 

 

Homework 

34. Consider the statement “x  0.” 

 a. Describe the statement in words. 

 b. Give two different x values that make the statement true, and 

don’t make both positive. 

 
35. Consider the statement:  x  y  =  y  x  for any real numbers.  Is 

the statement true or false?  Prove your answer. 

 

36. Describe precisely when (a + b)2  =  a2 + b2 is a true statement. 
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37. A natural number with precisely two factors is called a prime 

number.  The first few prime numbers are 2, 3, 5, 7, 11, 13, 17, 

19, . . .  
 
  a. T/F: Every prime number is odd.  Prove your answer. 
 
  b. T/F: Every odd number is prime.  Prove your answer. 

 

38. Disprove the statement:  x2 = 2x  for any real number x.  Hint:  

Don’t let x = 0 or 2.  Explain why I’m not allowing you to use 0 or 

2. 

 

 

Review 
Problems 

39. a. Give an example of a true statement. 

 b. Give an example of a false statement. 

 c. Give an example of a statement whose truth is unknown. 

 d. Give an example of a sentence which is not a statement. 

 

40. What distinguishes a statement from a non-statement? 

 

41. A semigroup is defined to be a set with an associative binary operation.  

Prove this statement. 

 

42. Simplify the logic expression  ~ (~ (~p)). 

 

43. A true theorem from group theory states:  If H is a subgroup of G, then 

the order of H divides the order of G. 

  a.  State the hypothesis of this theorem. 

  b.  State the converse and the contrapositive of this theorem. 

  c.  Which of the two statements in part b must be true? 

 

44. Let p  =  “2 + 3  =  5” and q  =  “Lincoln was the 2nd president.” 

  a.  Is p OR q true or false?  b.  Is p AND q true or false? 
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45. a. A “lemma” is a math statement similar to a theorem.  Is a lemma 

a statement we do, or do not, prove? 

 b. A “postulate” is a math statement similar to an axiom.  Is a 

postulate a statement we do, or do not, prove? 

 

46. Consider the statement (x + y)3  =  x3 + y3 for any real numbers 

x and y. 

  a.  Give an example to give credibility to the statement.  

  b.  Now prove that the statement is false.  What did you use to  

      prove it’s false? 

 

47. Explain why “Ultraviolet waves have a higher frequency than infrared 

waves” is a statement in logic. 

 

48. One of the axioms of a group is that there must be an identity element. 

Prove this statement. 

 

49. Simplify the logic expression  ~ (~ (~ (~ (~p)))). 

 

50. A true theorem from group theory states:  If H is a subgroup of a cyclic 

group G, then H is cyclic. 

  a.  State the conclusion of this theorem. 

  b.  State the converse and the contrapositive of this theorem. 

  c.  Which of the two statements in part b must be true? 

 

51. Let p  =  “2 + 3  =  9” and q  =  “Lincoln was the 2nd president.” 

  a.  Is p OR q true or false?  b.  Is p AND q true or false? 

 

52. Consider the statement 2 2 =a b a b   for any real numbers a and b. 

  a.  Give an example to give some credibility to the statement.  

  b.  Now prove that the statement is false.  What did you use to  

      prove it’s false? 
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53. True/False 

 a. p  q is called an implication. 

 b. In p  q, q is called the hypothesis. 

 c. ~(~p) simplifies to ~p. 

 d. The converse of p  q is ~p  ~q. 

 e. The contrapositive of ~q  ~p is p  q. 

 f. x = 2 is a counterexample to the conjecture x2 = 2x. 

 g. If p is true, q is false, and r is true, then (p OR q) AND r is true. 

 h. Axioms and theorems are proved. 

 i. Definitions are never proved. 

 j. The converse of a true implication is always true. 

 k. The contrapositive of a false implication is always false. 

 

 

 

 

Solutions 

1. Yes — I don’t know whether it’s true or false, but it’s certainly one or the 

other. 

2. No — It’s simply a command.  There’s no possible way the sentence can 

be evaluated as true or false. 

3. Yes, this sentence is a statement.  Even though it sounds like the 

previous problem, it makes the statement that Arvis said something.  

Either he did or he didn’t, so the statement is either true or false. 

4. Yes — as we’re learning, a statement is a sentence with a truth value of 

either true or false, regardless of whether we mortals know which it is.  

By the way, 100 is the sum of what two primes? 

5. Hypothesis:  If x is any real number — Conclusion:  x2  0. 

6. If a and b are the legs of a right triangle and c is the hypotenuse, then 
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 a2 + b2  =  c2. 

7. If you’re a dog, then you’ll go to heaven. 

8. Hypothesis:  If I study hard enough — Conclusion:  I’ll get an A 

9. a. If I eat pie, then I get sick. 

 b. If it rains, then the sidewalks get wet. 

 c. If I study, then I get A’s. 

 d. If one is the President, then one is at least 35 years of age. 

10. The 49ers won the Super Bowl. 

11. Hint:  The answer is not “x < 0.” 

12. Every triangle is a polygon. 

13. p 

14. a. If it’s scary, then it’s dark b. If it’s not scary, then it’s not dark. 

 c. The contrapositive always has the same truth value as the original   

  statement. 

15. If A = 90, then A is a right angle.  The converse is true. 

16. If x2 = 25, then x = 5.  The converse is false (since x = 5). 

17. If a, b, and c are the sides of a triangle and a2 + b2  =  c2, then the 

triangle is a right triangle.  The converse is true. 

18. Converse: If ƒ is continuous at x, then ƒ is differentiable at x. 

 Contrapositive: If ƒ is not continuous at x, then ƒ is not differentiable 

at x. 

 The contrapositive must be true if the original statement is true. 

19. Converse:  If T is a topology, then  is in T. 

 Contrapositive:  If T is not a topology, then  is not in T. 

 The contrapositive will be false. 

20. Converse:  s  r  Contrapositive:  ~s  ~r 

 The contrapositive always has the same truth value as the original 

statement. 

21. a. Both p and q must be true. 

 b. If either or both of them are false. 

22. a. Either p is true, or q is true, or both are true. 

 b. Only if both of them are false. 
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23. a.  T b.  T c.  F   

24. a.  F b.  T d.  F    

25. The statement says, "6 is less than OR equal to 6.”  Since 6 is equal to 6, 

and since an OR statement is true as long as one of the parts is true, the 

entire statement is true. 

26. Only when all three parts are true. 

27. As long as any one of them (or two of them or all of them) is true. 

28. I’m curious what you think the truth table really means. 

29. Neither — it’s a definition. 

30. Axioms aren’t proven — they’re accepted. 

31. It’s a definition. (It’s not a theorem because it cannot be proven.) 

32. a.   Because it can be derived (proved). 

 b. Hypothesis:  If (a, b) and (c, d) are points in the plane . . . 

  Conclusion:  then the distance between them is 2 2
( ) ( )a c b d    

 c. The Pythagorean Theorem 

33. Hypothesis:  Given the quadratic equation ax2 + bx + c  = 0 . . . 

 Conclusion:  the solutions are 
2

4

2

b b ac

a
x

  
  

34. a. “x is greater than or equal to zero.” 

 b. If x = 7, the statement is true, and if x = 0, the statement is true. 

35. False — to prove this, we take the counterexample:  7  2 = 5, whereas 

2  7 = 5. 

36. It has something to do with zero. 

37. a.  See the 2? b.  Is 15 prime? 

38. Let x = 5 and the statement fails.  Choosing x as 0 or 2 is a lousy choice 

because the statement actually works for these numbers. 

39. a.  For example, “The Harry Potter books were written by a woman.” 

 b.  For example, “Every parabola has two x-intercepts.” 

 c.  For example, “It took exactly 197 geeks to write Windows.” 

 d.  For example, “Why did you break the window?” 

40. A statement can be assigned a true/false value. 

41. A definition cannot be proved.  
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42. ~ p 

43. a.  H is a subgroup of G.    

 b. converse: If the order of H divides the order of G, then H is a 

subgroup of G.   

  contrapositive:  If the order of H does not divide the order of G, then 

H is not a subgroup of G.   

 c.  The contrapositive must be true. 

44. a.  True  b.  False  45. a.  Prove     b.  Do not prove 

46. a.  Let x = 1 and y = 0 and the statement is true.  b.  One counterexample 

is to let x = 2 and y = 3. 

47. It’s a statement because it’s an assertion that is either true or false. 

48. It can’t be proved; it’s an axiom, which we assume to be true. 

49. ~ p 

50. a. H is cyclic. 

 b. converse:  If H is cyclic, then H is a subgroup of a cyclic group G. 

  contrapositive:  If H is not cyclic, then H is not a subgroup of a cyclic 

group G. 

 c. The contrapositive must be true. 

51. a.  false  b.  false 

52. a.   Letting a = 5 and b = 0, for instance, will make the statement true. 

 b. Letting a = 4 and b = 3 will make the statement false.  We used a 

counterexample to prove the statement false. 

53. a.  T     b.  F c.  F d.  F e.  T f.  F   

 g.  T h.  F i.  T  j.  F  k.  T 

  

Niels Bohr, physicist (18851962) 
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CH XX  ABSOLUTE VALUE, 
THE BASICS 

 

 

ometimes the “size” of a 

number is more important 

than the “sign” of the number, 

that is, whether it’s positive, 

zero, or negative.  To measure 

the size of a number (without 

regard to its sign), we consider 

the absolute value of that 

number.  There are two equivalent approaches to 

the meaning of absolute value. 

 

 

   TWO WAYS OF LOOKING AT ABSOLUTE VALUE 
 

 1) Geometry 
 

  On a number line, the absolute value of a number (any kind of 

real number) is the distance from that number to 0 (the origin) on 

the line. 

 

               5                             7 
 
 

                        origin 
 

  What is the distance from the number 7 to 0?  It’s 7.  So we say that 

the absolute value of 7 is 7. 
  

S 

0 
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  How far from the origin is the number 5?  It’s 5 units away, and 

thus the absolute value of 5 is 5. 
  

  What is the distance from the origin to 2?  The distance is 2, and 

we conclude that the absolute value of 2 is 2.  
 

  What is the distance between the number 0 and the origin?  It’s 0; 

conclusion: the absolute value of 0 is 0. 

 

 Notes on Distance: 
 

  First, we can calculate the distance from any number to 0 (the 

origin).  In other words, the distance between the origin and any 

point on the line always exists, even if it’s hard or impossible to 

calculate. 
 

  Second, distance must be greater than or equal to 0; that is, it’s 

never negative.  If d represents distance, then d  0. 

 

 2) Arithmetic 
 

  If a number is positive, the absolute value of the number is the 

same number.  For example, the absolute value of 9 is 9. 
 

  If a number is negative, the absolute value of the number is the 

opposite of the number.  For example, the absolute value of 3 is 3. 
 

  And the absolute value of 0 is simply 0. 
 

 Put more simply, the absolute value of a number greater than or 

equal to 0 is the same number; if the number is negative, just 

remove the minus sign to calculate its absolute value.  

 

 

   NOTATION 
 
 

Instead of writing the words absolute value all the 

time, we do what we always do in math: condense the 

concept into symbols.  To represent the absolute 

In computers, the 
absolute value of n 
would be written          

          abs(n) 
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 If x  0, then =x x    

 

 If x < 0, then =x x  

value of a number, we put a vertical bar on each side of the number.  

Thus, 

 

The absolute value of 9 is 9:    9 = 9    
 

The absolute value of 3 is 3:  3 = 3     
 

The absolute value of 0 is 0:  0 = 0  
 
 

Just for repetition:  If a number is greater than or equal to 0, then its 

absolute value is that same number.  If a number is less than 0 (which 

means it’s a negative number), then its absolute value is the opposite of 

that number (which will then turn into a positive number).  We can 

write this in the following way; it looks confusing, but it’s totally valid: 

 

 

 

 

 

 

 

Here are some more examples of absolute value: 
 

   17.5 = 17.5   0 = 0    13 = 13  

 

  =     7 = 7   3 = 3    

 

 

Bottom Line: 
 

The absolute value of a quantity is either positive or zero: 
 

  If x is ANY quantity, then  0x . 
 

In other words, the absolute value of a quantity is never negative.  
 

For example, consider the following expression:  
   

    2sin ( / 6) ln( 1)e    
   

This definition ensures that 
the absolute value of a 

quantity is never negative. 
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Even though you may not be able to calculate it until Pre-

calculus, you should still be able to understand that the answer 

to this problem — whatever it is — is greater than or equal to 

zero.  Equivalently, the answer is not negative. 

 

 

EXAMPLE 1: Evaluate each expression: 

 

   A. 7 2 = 5 = 5   

 

   B. 23 15 = 9 15 = 6 =   6  

 

   C. 2 7 = 5 =    5 

 

   D. 3 4 10 2       =  7 8    =  7  8  =  1 

 

 

Homework 

 1. The absolute value of any number is ______. 

 

 2. If x represents any number, then   
  

   a.  0x    b.  0x    c.  0x    d.  0x   

 

 3. Which one of the following inequalities has NO solution? 
 

   a.  0x    b.  0x    c.  0x    d.  0x   

 

 4. True/False: 
 

  a. Every number has an absolute value.  

  b. There is a number whose absolute value is 0.   

  c. There is a number whose absolute value is negative.   

  d. There are two different numbers whose absolute value is 9. 
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 5. Simplify each expression: 
 

  a. 4 14   b. 2( 3) 7   c. 9   d. 0 02    

 

 6. Simplify each expression: 

  

  a. 7   b. 7   c. 67  d.  2.7  e.  30   

 

 7. What’s the best statement you can make regarding the expression 
 

   
sec

tan sin
x dx

x x

e
  ? 

 

 8. Consider the statement:  a b a b    
 

  a. Give three examples where the statement is true, using 
  

   i)  two positive numbers. 

   ii) two negative numbers. 

   iii) two numbers of opposite sign. 
 

  b. Do you think the statement is true or false? 

 

 9. Consider the statement:  x y x y    
 

  a. Give an example where the statement is true. 
 

  b. Give an example where the statement is false. 
 

  c. So, is the statement true or false? 

 

 10. Consider the statement:  x y x y    
 

  a. Give an example where the statement is true. 
 

  b. Give an example where the statement is false. 
 

  c. Is the statement true or false? 

 

 11. [Hard]  Try to use the previous two problems to come up with a   

 statement that is TRUE. 
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Solutions 

1. “greater than or equal to 0” 

 OR “never negative” 

 OR “  0 ” 
 
 

2. c. 
 
 

3. b. 
 
 

4. a.  T  b.  T  c.  F  d.  T 
 
 

5. a.  10  b.  13  c.  9  d.  0 

 

6. a.  7  b.  7  c.  67   d.  2.7    e.  0  
 
 

7. If you don’t know enough algebra and trig, the best you could say is that, 

whatever legal value of x you place in the expression, the result WON’T 

BE NEGATIVE.  That is, the expression represents something that is 

GREATER THAN OR EQUAL TO 0. 
 
 

8. Although a whole slew of examples does not prove that the statement is 

true, this particular statement is always true. 

 

    The absolute value of a positive number is itself. 
 
    The absolute value of 0 is 0. 
 
    The absolute value of a negative number is its opposite. 
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9. Recall that if a statement fails in just one case, it’s considered a false 

statement. 
 
 

10. Again, if a statement fails in just one case, it’s considered a false 

statement.  
 
 

11. I will not give the answer away, but it’s called the Triangle Inequality, 

and is one of the most important rules in math. 
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“Who questions much, 
shall learn much,  
and retain much.” 
– Francis Bacon  
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CH NN  GRAPHING ABSOLUTE 

VALUES 
 

 

t’s time to do more graphing — of course, this 

time there will be absolute values in the formula. 
 

EXAMPLE 1: Graph:  y = x  

 

 Solution: Pick some x-values, calculate the corresponding  

y-values, and plot the points: 

 

    x = 2    2 2y        (2, 2) 

 

    x = 1    1 1y        (1, 1) 

  

    x = 0    0 0y       (0, 0) 

 

    x = 1    1 1y       (1, 1) 

 

    x = 2    2 2y       (2, 2) 

 

 We’ve got five points, enough to make a decent picture:  
    

 

 

 

 

 

 

 

 

  Convince yourself that our graph also contains the points (165, 165) 

and (499, 499). 

I 

y x  
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EXAMPLE 2: Graph:  3 2y = x +  

 

Solution: Don’t panic!  Let’s just do what we did in the first 

example:  Pick x-values off the top of our head, calculate the 

associated y-values, plot the points (x, y), and see what we get. 
 

Setting x to 0 gives = 0 3 2 = 3 2 = 3 2 =     5y . 

We now have our first point on the graph:  (0, 5). 
 

Now set x to 7:  = 7 3 2 = 4 2 = 4 2 =    6y . 

Our new point on the graph is (7, 6). 
 

One more — set x to 1:  = 1 3 2 = 4 2 = 4 2 =      6y . 

Our third point is (1, 6). 
 

We’ll now construct an x-y table using the three points we’ve just 

calculated and some additional points; it’s your job to verify the  

rest of the points. 

 

 

 

 

 

 

 

 

 
 

 

 

 
 
 

  

x y 

1 6 

0 5 

1 4 

2 3 

3 2 

4 3 

5 4 

6 5 

7 6 

(3, 2) 

(0, 5) 

y  =  x  3 + 2 

(7, 6) 
(1, 6) 
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Items of Note: 
 

Later in your course, you will be asked what x-values are allowed 

in this formula.  It may not be obvious, but x can take on any 

value; that is, x can be any real number.   
 

As for y-values, the graph might show that y can’t be any smaller 

than 2.  That is, y has to be at least 2; we could even write y  2. 
 

The graph is certainly not a line; it’s in the shape of a “V.”  It is 

sharp at its bottom point (3, 2), not smooth and curvy like the 

graph of the parabola y = x2 that you may have seen before.   

 

 

 
 
 
 
 
 
 
 

 

Homework 

1. Graph: =y x      2. Graph: = 3y x   

 

3. Graph: = 4y x      4. Graph: = 2y x   

 

5. Graph: = 5y x      6. Graph: = 3 4y x    

 

 

 

 

 

 

 

 
    The absolute value of a positive number is itself. 
 
    The absolute value of 0 is 0. 
 
    The absolute value of a negative number is its opposite. 
 

y  =  x y  =  x2 
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Solutions 

1.       2.  

 

 

 

 

 

 

 

 

 

3.          4.                  

 

 

 

 

 

 

 

 

 

5.          6.                                                

   

 

 

 

 

 

 

 

 

 

“The aim of education is the knowledge,  

not of facts, but of values.”    William S. Burroughs 

 



 

 

Ch nn  Break-Even Point, Linear Functions 

1 

CH NN  BREAK-EVEN POINT, 
LINEAR FUNCTIONS 

 

 

ertainly the ultimate goal of a 

business is not merely to “break 

even”;  however, the break-even point is 

one of the most important tools concepts 

in business.  It tells the business owner the 

point (in production, time, or investments) where 

losses have ended and profits will appear (or, 

unfortunately, the other way around).  Every 

business which requires funding (either from 

investments, like selling stock, or the borrowing of 

money) requires a written business plan stating the 

projected break-even time.   
 

 

   BUSINESS TERMS 
 

A few business terms, with simplified definitions, will help us 

understand how algebra can represent the real world.  We’ll use the 

term Revenue to represent all the money that a company takes in 

through its sales and services.  The term Cost represents the money 

spent by the company to produce those sales and services.  And we’ll 

define Profit to be the difference between revenue and cost.  We’re 

ready to write a formula now: 

Profit  =  Revenue  Cost 

     

 

C 

P  =  R  C 
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   REVIEW OF INEQUALITIES 
 

The fact that 3 is less than 5 is written 
 

  3 < 5 
 

If we want to say that x is less than or equal to 5, we write 
 

  x  5 
 

Similarly, we might write 10 > 8 to say that 10 is greater than 8, and 

we write n  15 to say that n is greater than or equal to 15.  Notice 

that 7  7 is a true statement because 7 is greater than or equal to 7. 

(Namely, it’s equal to 7.) 

 

 

Homework 

1. a. Solve the profit formula P = R  C for R. 

 b. Solve the profit formula P = R  C for C. 
 
 

2. True/False: 

  a. 7 < 9   b. 2 < 7  c. 3 < 7  d. 9 < 1  

  e. 8  8   f. 0 > 9   g. 0 > 9  h. 2  2   

  i. 2 < 2  j. 0 < 0   k. 0  0   l. 12 > 5  

  m. 2    n. 2     o. 2 3   p. 10    
 
 

3. Consider the inequality n  7.  Which of the following values 

of n would make the statement true? 
 

 a.  15    b.  7.001    c.  6.999   d.  7    e.  2    f.  3    g.  29     h. 40    
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4. Which of the following values of x will satisfy the inequality 

 x < 3? 
 

 a.  100    b.     c.  3   d.  2.999     e.  0    f.  3.14   g.  140 

 

 

   DEFINITION OF BREAK-EVEN 
 

There are two ways to define the break-even point.  One is to say that 

break-even occurs when revenue matches cost; that is, when R = C.  On 

the other hand, if the revenue and cost are the same, then there’s zero 

profit.  (See that?)  So break-even can also be defined as the point at 

which the profit is 0. 

 

      

 

 

 

 

 

 

 

 

 

To prove that the profit must be zero when revenue = cost, we can use a 

little algebra.  Assume that 
 

    R  =  C   (one criterion for break-even) 

   R  C  =  0  (subtract C from each side of the equation) 

    P  =  0   (substitute, since P  =  R  C) 

 

  

Either equation can be used to 

find the break-even point: 
 

R  =  C 
 

P  =  0 
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   USING A TABLE 
 

Assuming w represents the number of 

widgets a company manufactures and 

sells, let’s assume the formula for 

revenue to be: 

   R  =  4w 

and a cost formula to go with it: 

   C  =  2w + 8 

Let’s create a table with revenue, cost, and profit for various quantities 

of widgets sold, according to the given formulas. 

 

           w               R  =  4w      C  =  2w + 8     P  =  R  C 
 

Widgets Revenue Cost Profit 

0 $0 $8 $8 

1 $4 $10 $6 

2 $8 $12 $4 

3 $12 $14 $2 

4 $16 $16 $0 

5 $20 $18 $2 

6 $24 $20 $4 

 

Now for the important observations: 

 

 As the number of widgets increases, so do the revenue and the 

cost.  Also, the profit increases; that is, the numbers 8, 6, 4, 

2, 0, 2, and 4 are getting larger. 

 

 If we produce and sell anywhere from 0 to 3 widgets, we incur 

a loss (a negative profit).  That is, when w  3, P < 0. 

  

Break-Even 
Point 

The Revenue formula might come from 

the fact that we sell our widgets for $4 

apiece.   
 

The Cost formula may be the result of 

the fact that each widget costs $2 to 

manufacture, together with a fixed cost 

(salaries, rent, utilities, etc.) of $8. 
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 At a production level of 4 widgets we break even.  This is the 

point at which the revenue ($16) equals the cost ($16).  But 

also note that this is where the profit is $0.  Either way we 

look at it, according to the two definitions, w = 4 is the break-

even point.  When w = 4, P = 0. 

 

 Any number of widgets beyond 4 (that is, 5 or more) produces 

a positive profit (we’re making money!).  Thus, if w  5, then 

P > 0. 

 

 In summary, a loss occurs when w  3, the break-even point 

occurs when w = 4, and a profit results when w  5. 

 

 

   USING A GRAPH 
 

We’re going to make a picture of this situation of revenue, cost, profit, 

and the break-even point.  Our grid will contain the graphs of both the 

revenue and cost formulas from the previous example.  Note that the 

horizontal axis will certainly be w, the number of widgets, but the 

vertical axis will be the generic category money, since both revenue and 

cost are in units of money. 

 

 

 

   

 

 

 

 

 

 

 

 

C = 2w + 8 

$ 

w 

R = 4w 

(4, 16
The break-even point 

occurs when w = 4, 

where both the 

revenue and the cost 

are $16. 
 
Fewer than 4 widgets 

results in a loss — more 

than 4 produces a 

profit. 
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   USING AN EQUATION 
 

The table and the graph were quite useful in determining and 

understanding the relationship among revenue, cost, profit, and break-

even.  But these take time to construct and they may give us only 

approximations.  Let’s use algebra to solve the same problem for the 

third time. 

 

EXAMPLE 1: The revenue formula is R  =  4w and the cost 

formula is C  =  2w + 8.  Find the break-even 

point. 

 

Solution: We recall that the break-even point occurs when the 

revenue equals the cost.  Thus, 
 

 R  =  C    (to calculate break-even) 

 4w  =  2w + 8   (substituting the given formulas) 

 4w  2w  =  2w  2w + 8 (subtract 2w from each side) 

 2w  =  8    (simplify each side) 

 
2 8=w
2 2

    (divide each side by 2) 

 w  =  4    (simplify) 

 

Thus, the break-even point is         

 

just as we saw with the table and the graph. 

 

 

  

4 widgets 
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EXAMPLE 2: The revenue formula is R  =  12w  20 and the 

cost formula is C  =  2w + 30.   

   a)  Calculate the profit formula.   

  b)  Find the break-even point using the profit 

        formula. 

 

Solution: a)  The profit formula is P  =  R  C, so we can 

calculate the profit like this: 
 

 P  =  R  C    (the profit formula) 

 P  =  (12w  20)  (2w + 30) (notice the parentheses!) 

 P  =  12w  20  2w  30 (distribute) 

      (combine like terms)   

 
 
For part b) we find the break-even point by setting the profit 

formula to 0: 
 

  P  =  0  (one criterion for break-even) 

  10w  50  =  0 (substitute the given profit formula) 

  10w  =  50  (add 50 to each side of the equation) 

     (divide each side of the equation by 10) 

 

 

Homework 

5. Regarding Example 2, part b), use the profit formula to show that 

we incur a loss if w < 5 and we enjoy a profit if w > 5.  (A couple of 

examples will suffice.) 

 
  

P  =  10w  50 

w  =  5 
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6. Suppose revenue and cost formulas are given by 

    R  =  3w + 1  C  =  w + 5 

 a. Construct a table with columns for Widgets, Revenue, Cost, 

and Profit.  Let w take the values from 0 to 4. 

 b. Use the table to determine the break-even point.  Explain in 

two different ways how you arrived at your conclusion.   

 c. Graph both formulas on the same grid.  Use the graphs to 

determine the break-even point. 

 d. Now find the break-even point by solving the formula equating 

Revenue and Cost. 

 

7. Find the break-even point for the given revenue and cost 

formulas by solving an equation: 
 

  a. R  =  10w   C  =  7w + 18   

  b. R  =  5w + 1   C  =  4w + 50   

  c. R  =  8w  9   C  =  3w + 6   

  d. R  =  72w + 12  C  =  50w + 100 

 

8. Find the profit formula for the given revenue and cost 

formulas: 
   

  a. R  =  30w + 90   C  =  22w  13 

  b. R  =  22w  5   C  =  10w + 17 

  c. R  =  w + 10    C  =  8w  14 

  d. R  =  13w    C  =  2w   5 

  e. R  =  99w + 17   C  =  9w 

  f. R  =  8w  1    C  =  7w  10 
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9. Consider the graphs of the revenue and cost formulas: 

 

 

 

 

 

 

 

 

 

     0      1      2      3      4      5      6      7 

  a. Find the two break-even points. 

  b. Is there a profit or loss when w = 4? 

  c. Is there a profit or loss when w = 6? 
 
 

10. Consider the graph of the profit formula: 
 

 

 

 

 

 

 

 

 

 

     0      1      2      3      4      5      6      7 

 

 Find the two break-even points.  What’s happening between 

those two points? 

 

$ 

w 

R 

C 

$ 

w 

P 
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11. Find the break-even point given each profit formula: 

  a. P  =  18w  810    b. P  =  2.5w  300 

  c. P  =  5.23w  287.65   d. P  =  7.6w + 410.4 

 

 

Review 
Problems 

12. Let the revenue and cost formulas be given by R  =  7w + 1 and  

C  =  5w + 11.  Construct a table with columns for widgets, revenue, 

cost, and profit, and let w take on the values from 3 to 6.  Use the table 

to find the break-even point.  Explain in two different ways how you 

arrived at your conclusion. 

 

13. Use algebra (that is, solve an equation) to find the break-even point if 

the revenue and cost formulas are given by R  =  15w  13 and  

C  =  7w + 43. 

 

14. Find the profit formula if the revenue and cost formulas are given by 

R  =  10w + 13 and C  =  6w  5. 

 

15. Find the break-even point for the profit formula P  =  2.5w  247.5. 

 

16. Graph R  =  3w  4 and C  =  w + 1  on the same grid, and then estimate 

the break-even point.  How did you find that break-even point?  
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Solutions 

1. a. R  =  P + C   b. C  =  R  P 
 

2. a. T  b. T  c. F  d. T  e. T  f. F   

 g. T  h. T  i. F  j. F  k. T  l. F 

 m. T  n. T  o. T  p. F   
 

3. a, b, d  4. a, b 
 

5. Suppose w is 3; then P  =  10(3)  50  =  30  50  =  20, a loss. 

 If w is 8, then P  =  10(8)  50  =  80  50  =  30, a profit. 
 

6. a. 

Widgets Revenue Cost Profit 

0 $1 $5 $4 

1 $4 $6 $2 

2 $7 $7 $0 

3 $10 $8 $2 

4 $13 $9 $4 
 

 b. The break-even point is w = 2.  It’s the point where Revenue = Cost, 

and it’s also the point where Profit = 0. 
 

 c. 

R  =  3w + 1 

C  =  w + 5 

w 

$ 
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 d.  The break-even point can be found by setting Revenue to Cost: 
 

   R  =  C     (to calculate break-even) 

   3w + 1  =  w + 5   (substituting the given formulas) 

   3w  w + 1  =  w  w + 5 (subtract w from each side) 

   2w + 1  =  5    (simplify) 

   2w + 1  1  =  5  1   (subtract 1 from each side) 

   2w  =  4     (simplify) 

   w = 2     (divide each side by 2) 

 

7. a.  w = 6  b.  w = 49  c.  w = 3   d.  w = 4 
 

8. a. P  =  R  C  =  (30w + 90)  (22w  13)  =  30w + 90  22w + 13   

          =  8w + 103  

 b. P  =  (22w  5)  (10w + 17)  =  22w  5 10w  17  =  12w  22 

 c. P  =  7w + 24 

 d. P  =  11w + 5 

 e. P  =  90w + 17 

 f. P  =  w + 9 
 

9. a.  w = 1 and w = 5 (found by looking at the w-values where the graphs 

intersect)   

 b.  profit, since the revenue graph is above the cost graph (i.e., the 

revenue exceeded the cost) 

 c.  loss, since the cost graph is above the revenue graph (i.e., the cost 

exceeded the revenue) 
 
 

10. w = 2 and w = 6 (found by looking at where the profit is zero; that is, 

where the profit graph crosses the w-axis, which is where P = 0) 

 The profit is negative (a loss) between the break-even points. 
 
 

11. To find the break-even points, set each profit formula to zero: 

 a. 18w  810  =  0      18w  =  810      w = 45 

 b. 2.5w  300  =  0      2.5w  =  300      w = 120 

 c. w = 55    

 d. w = 54 
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12. w = 5.  Why is this the break-even point?  First, it’s where R = C; second, 

it’s where P = 0. 
 
 

13. 7 widgets  14. P  =  4w + 18  15. 99 widgets  
 
 

16. w   2.5;  it’s the w-coordinate of the point of intersection 
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“Next in importance 

to freedom and justice 

is education, without 

which neither 

freedom nor justice 

can be permanently 

maintained.”  

 

  James A. Garfield (1831 - 1881) 

20th U.S. President  

http://www.quotationspage.com/quote/2026.html
http://www.quotationspage.com/quote/2026.html
http://www.quotationspage.com/quote/2026.html
http://www.quotationspage.com/quote/2026.html
http://www.quotationspage.com/quote/2026.html
http://www.quotationspage.com/quote/2026.html
http://www.quotationspage.com/quote/2026.html
http://www.quotationspage.com/quotes/James_A._Garfield/


 

Ch 13  Break-Even Point, Quadratic Functions 

1 

CH XX  BREAK-EVEN POINT,  
QUADRATIC 

 

 

while back we discussed the notions of 

revenue (R), cost (C), profit (P), and the break-

even point: 
 

        Profit: P  =  R  C               
 

Break-even:   R  =  C   or   P  =  0 
 

Now that we’re getting proficient at factoring, 

we can solve more break-even business problems; 

these problems will result in a quadratic equation. 
  

 

   BREAK-EVEN 
 

EXAMPLE 1: Find the break-even point(s) if the profit 

formula is given by P  =  2w2  31w + 84. 

 

Solution: We find the break-even points by setting the profit 

formula to zero: 
 

  2w2  31w + 84  =  0   (set profit to 0) 

  (2w  7)(w  12)  =  0   (factor) 

  2w  7  =  0   or  w  12  =  0  (set each factor to 0) 

  2w  =  7   or   w  =  12   (solve each equation) 

  
1
2

= 3 or = 12w w   
 

A 
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Thus, the break-even points are 

     

 

 
 

Of course, 
1
2

3  widgets can’t really exist, but it’s good enough for 

this problem.  But if w stood for wages, for instance, then 
1
2

3  

would make sense, since that number represents $3.50, a 

perfectly legit answer. 

 

 

EXAMPLE 2: Find the break-even point(s) if revenue and 

cost are given by the formulas 
  

    R  =  3w2  3w  8 

    C  =  2w2 + 30w  268 

 

Solution: Recall that one of the two ways to describe the 

break-even points is by equating revenue and cost.  Notice that 

we put the resulting equation in standard form by bringing all 

the terms on the right side to the left side so that the right side 

will be zero. 
 

 R  =  C     (to find break-even) 

 3w2  3w  8  =  2w2 + 30w  268 (use the given formulas) 

 w2  3w  8  =  30w  268  (subtract 2w
2
) 

 w2  33w  8  =  268   (subtract 30w) 

 w2  33w + 260  =  0   (add 268  standard form) 

 (w  20)(w  13)  =  0   (factor) 

 w  20  =  0   or   w  13  =  0  (set each factor to 0) 

 w = 20   or  w = 13   (solve each equation) 

  

1
2

3 widgets and 12 widgets

 



 

Ch 13  Break-Even Point, Quadratic Functions 

3 

And so the two break-even points are 

     

 

 

 

Homework 

1. Find the break-even points for the given profit formula: 

 a. P  =  w2  12w + 35     b. P  =  2w2  13w + 15 

 c. P  =  w2  25w + 150     d. P  =  6w2  31w + 40 

 
2. Find the break-even points given the revenue and cost 

formulas: 
    

 a.  R  =  2w2 + 8w  20   C  =  w2 + 24w  75 

 b.  R  =  2w2  3w + 1   C  =  w2 + 16w  29 

 c.  R  =  5w2  26w + 80   C  =  3w2 + w + 10 

 

 

Review 
Problems 

3. If the profit formula is given by P  =  w2  57w + 350, find the two 

break-even points. 
 

4. If the revenue and cost are given by the formulas  

R  =  5w2  30w + 100 and C  =  4w2 + 4w  180, find the break-even 

points. 
 

 

 

20 widgets and 13 widgets 
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Solutions 

1. a. w  =  5, 7 b. 3= , 5
2

w   c. w  =  10, 15  d. 8 5= ,
3 2

w  

 

2. a. w  =  5, 11 b. 10= , 3
3

w   c. 7= ,10
2

w  

 

3. w = 7 and w = 50  4. w = 14 and w = 20 

 

 

“There is one purpose 

to life and one only: to 

bear witness to and 

understand as much as 

possible of the 

complexity of the world 

 its beauty, its 

mysteries, its riddles.  

The more you 

understand, the more 

you look  the greater 

is your enjoyment of 

life and your sense of 

peace.  That's all there 

is to it.  If an activity is 

not grounded in ‘to 

love’ or ‘to learn,’ it 

does not have value.” 

 

  Anne Rice, American Author 
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CH NN THE CIRCLE, CENTER AT 

THE ORIGIN 
 
 

e’re now ready for a new type of graph.  In 

this chapter, we analyze “nature’s perfect 

shape,” the circle.  Whereas the equation of a line 

has no squared variables, and a parabola has 

one squared variable, we will see that the 

equation of a circle has both variables squared. 
 

 

   GRAPHING A CIRCLE 
 

EXAMPLE 1: Graph: x2 + y2  =  25 

 

Solution: The graph is undoubtedly not a line, since the 

variables are squared.  Let’s plot points and see what we get.   
 

Let’s first check out the intercepts.  If we set x = 0, the resulting 

equation is y2 = 25, whose two solutions are y = 5.  Thus, there 

are two y-intercepts, (0, 5) and (0, 5).  You can 

set y to 0 and calculate the x-intercepts to be (5, 0) 

and (5, 0).  We now have four points on our 

graph, but it’s unclear how to connect them — 

maybe the graph looks like a diamond?  We’ll find 

some other points; for example, if we let x = 3, 

then  

 32 + y2  =  25      9 + y2  =  25  
 

    y2 = 16     y = 4 

   (3, 4) and (3, 4) are on the graph. 

W 

 Are four points 
enough to make an 
accurate graph?  
Perhaps, perhaps 
not. 
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Summary:  The graph of 

 x2 + y2  =  25 

is a circle with its center 
at the origin, (0, 0), and 
with a radius of 5. 

If x is chosen to be 3, then  

   (3)2 + y2  =  25      9 + y2  =  25      y2 = 16      y = 4 

    (3, 4) and (3, 4) are also on the graph. 
 

Now let x = 4: 

   42 + y2  =  25      16 + y2  =  25      y2 = 9     y = 3  

    (4, 3) and (4, 3) are on the graph.    
 

Our last choice for x will be 4: 

   (4)2 + y2  =  25      16 + y2  =  25      y2 = 9     y = 3  

    (4, 3) and (4, 3) are also on the graph.    
 

This set of 12 points should be enough data to get a decent 

picture, which looks a lot like a circle: 
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Homework 

1. For each circle, determine the four intercepts: 
 

 a. x2 + y2  =  1   b. x2 + y2  =  2   c.  x2 + y2  =  4 

 d. x2 + y2  =  7   e. x2 + y2  =  49   f. x2 + y2  =  60 

 

2. Given the circle and the x-value (i.e., an input), find the 

y-values (i.e., the outputs): 
 

 a. x2 + y2  =  100;  x = 6    b. x2 + y2  =  100;  x = 8 

 c. x2 + y2  =  1;  x = 1     d. x2 + y2  =  169;  x = 5 

 e. x2 + y2  =  169;  x = 12    f. x2 + y2  =  169;  x = 5 

 g. x2 + y2  =  10;  x = 2     h. x2 + y2  =  12;  x = 2 
 
 

3. Consider again the circle x2 + y2  =  25 from Example 1.  Its 

center is the origin and its radius is 5.  Now look at the graph and 

notice that there’s no point on the graph with an x-value of 8.  

Prove this fact algebraically (that is, use the equation). 

 

 

EXAMPLE 2:  

 

A. Consider the circle x2 + y2  =  81.  Using Example 1 as a 

guide, we infer that its center is the origin and its radius 

is 9.   

 

B. Now look at the circle x2 + y2  =  13.  The center is (0, 0), 

and the radius is 13 . 

 

C. If the center of a circle is the origin, and if its radius is 15, 

what is the equation of the circle?  It’s  x2 + y2  =  225. 
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D. What is the equation of the circle with center (0, 0) and 

radius 3 7 ?  

  x2 + y2  =   
2

3 7 , which is x2 + y2  =  63. 

     Note:   
2 223 7 3 7 9 7     63  

 

 

Homework 

4. Find the center and radius of each circle: 
 

  a. x2 + y2  =  25   b. x2 + y2  =  144 

  c. x2 + y2  =  1   d. x2 + y2  =  17 

  e. x2 + y2  =  27   f. x2 + y2  =  200 

  g. x2 + y2  =  0   h. x2 + y2  =  9 

  i.  x + y  =  10    j. x2 + y  =  49 

 

5. Find the equation of the circle with center 

at the origin and the given radius: 
 

  a. r = 10   b. r = 25   c. r = 1    

  d. r = 16   e. r = 11   f. r = 18    

  g. = 4 5r   h.  = 3 7r  

 

6. The unit circle is the circle whose center is at the origin and 

whose radius is 1.  
 

  a. What are the coordinates of the center of the unit circle? 

  b. What is the radius of the unit circle? 

  c. What is the equation of the unit circle? 

  d. What is the area of the unit circle? 

  e. What is the circumference of the unit circle? 

Note: Working with 
the radius can be 
confusing.  If given 
the circle equation 
in standard form, 
the radius of the 
circle is found by 
taking the positive 
square root of the 
number to the right 
of the equal sign.  
On the other hand, if 
you know the radius, 
you square it when 
you put it into the 
formula. 
 



 

Ch nn  The Circle, Center at the Origin 

5 

7. Consider the circle x2 + y2  =  7. 
 

  a. What is the radius?     

  b. What is the diameter? 

  c. What is the circumference?  

  d. What is the area? 
 

8. Sketch a circle (whose center is not necessarily at the origin) that 

has exactly 
 

  a. 4 intercepts 

  b. 2 intercepts 

  c. 3 intercepts 

  d. 1 intercept 

  e. 0 intercepts 
 

9. Consider the equation x2 + y2  =  k.  Describe the graph of this 

equation for each situation: 
 

 a.  k > 0  b.  k = 0  c.  k < 0 

 

 

Review 
Problems 

10. Find the center and radius of the circle x2 + y2  =  20. 

 

11. True/False: 
 

 a. Every circle has at least one intercept. 

 b. The radius of the circle x2 + y2  =  1 is 1. 

 d. x2 + y2 + 4  =  3 is a circle. 

 e. x2 + y2  =  1 is called the unit circle. 

 f. The area of the circle x2 + y2  =  25 is 25. 
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Solutions 

1. a.   (1, 0)   (0, 1)   b. ( 2, 0) (0, 2)     
 

 c. (2, 0)    (0, 2)   d.   ( 7, 0) (0, 7)    
 

 e. (7, 0)    (0, 7)   f.   ( 2 15, 0) (0, 2 15)   
 
 

2. a. 8   b. 6   c. 0   d. 12   
 

 e. 5   f. 12   g. 6   h. 2 2   
 
 

3. Hint:  Let x = 8 in the circle equation and try to solve for y. 

 

4. a. C(0, 0)   r = 5  b. C(0, 0)   r = 12  c. C(0, 0)   r = 1 
 

 d. C(0, 0)   r = 17   e. C(0, 0)   r = 3 3   f. C(0, 0)   r = 10 2  
 

 g. It’s not a circle; the graph is just the origin. 
 

 h. It’s not a circle; there are two reasons.  First, the radius would be 

 9 , which is not a real number.  Second, if two numbers are 

 squared and then added together, there’s no way that sum could be   

  negative. 
 

 i. It’s a line, not a circle. 
 

 j. It’s not a circle — do you know what it is? 
 
 

5. a. x2 + y2  =  100  b.  x2 + y2  =  625  c. x2 + y2  =  1 
 

 d. x2 + y2  =  256  e. x2 + y2  =  11  f. x2 + y2  =  18 
 

 g. x2 + y2  =  80  h. x2 + y2  =  63 
 

6. a. (0, 0)    b. 1  c. x2 + y2  =  1    
 

 d. A = r2 = (12) = (1) =    e. C = 2r = 2(1) = 2 
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7. a. = 7r   b. = 2 7d   c. = 2 7C    d. = 7A   
 
 

8. You’re on your own. 

 

9. a.  If k > 0, the graph is a circle with center at the origin and radius k . 
 

 b.  If k = 0, the graph is just the single point (0, 0); i.e., the origin. 
 

 c.  If k < 0, the graph is empty (there’s no graph at all). 
 
 

10. C(0, 0);  2 5r       
 
 

11. a.  F  b.  T  d.  F  e.  T  f.  T 

 

 

 
  



 

Ch nn  The Circle, Center at the Origin 

8 

 

 

 

“Only those who dare  

to fail greatly  

can ever achieve greatly.” 
 

 Robert F. Kennedy 
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CH XX THE CIRCLE, CENTER OFF 

THE ORIGIN 
 

 

ou’ve graphed circles whose 

centers are at the origin in the 

Chapter The Circle  Center at the 

Origin.  For example, the center of the 

circle  x2 + y2  =  16  is (0, 0), and its 

radius is 4.  Our goal in this chapter is 

to allow the center of a circle to be 

somewhere else in the plane.   
 

What kind of equation would result in such a circle?  

The example in the next section,  
 
 (x  2)2 + (y + 1)2  =  25  
 
will provide us with one.  But before we get there, 

we need to understand why this equation is likely a 

circle:  If you square (expand) the binomials, note 

that you’ll get an x2 term, a y2 term, some x’s, some 

y’s, and some numbers.  The squared terms lead us 

to believe that the graph of the 

equation is a circle, but that’s only 

a theory. 
 

  

Y 

Circles%20-%20Center%20at%20the%20Origin.pdf
Circles%20-%20Center%20at%20the%20Origin.pdf
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   USING THE ANNIHILATOR METHOD 
 

EXAMPLE 1: Graph: (x  2)2 + (y + 1)2  =  25 

 

Solution: First, it might be clear (due to the 2 and the 1) that 

the center of the circle is not the origin.  Second, our best guess 

right now is that the radius is 5 (since 5 is the positive square 

root of 25).  Let’s check out these ideas.   
 

It’s hard to know what values of x we should choose to find our 

points to plot, but here’s a neat trick to find four useful points. 
 

We’ll start with x = 2 (this rids us of the first term), and then 

solve for y in the circle equation (x  2)2 + (y + 1)2  =  25: 
 

 x = 2    (2  2)2 + (y + 1)2 =  25 

     02 + (y + 1)2 =  25 

       (y + 1)2  =  25  

     y + 1  =   5          [Don’t forget: 25 has 2 square roots] 

     y  =  1  5 

     y  =  4 or 6 
 

Since letting x = 2 produced two y-values, we have the two 

points (2, 4) and (2, 6) on our circle. 

 

Next, we’ll let y = 1 (this annihilates the second term), and then 

solve for x in the circle equation (x  2)2 + (y + 1)2  =  25: 
 

 y = 1   (x  2)2 + (1 + 1)2  =  25   

     (x  2)2 + 02  =  25   

     (x  2)2   =  25   

     x  2  =   5 

     x  =  2  5 

     x  =  7 or 3 
 

By letting y = 1, we determined that two more points on 

the circle are (7, 1) and (3, 1). 
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What have we done here?  By cleverly choosing values of x and y 

(do you see how we chose them?), we have discovered these four 

points on our circle: 

    (2, 4)     (2, 6)     (7, 1)     (3, 1) 

Let’s plot these four points, connect them to make a circle, and 

then figure out the circle's center and radius. 

 

 

Can you see that the center of the circle is the point (2, 1) and 

that the radius is 5?  Let’s summarize:  
 

The circle (x  2)2 + (y + 1)2  =  25 has its 

center at (2, 1) and has a radius of 5. 
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Homework 

1. Find the center and radius of each circle by mimicking 

Example 1 (the annihilator method): 

 a. x2 + y2  =  64       b. x2 + y2  =  24 

 c. x2 + (y  7)2  =  4      d.  (x  3)2 + y2  =  5 

 e. (x + 1)2 + (y + 8)2  =  60    f. (x  2)2 + (y  3)2  =  99 

 

 

   A QUICKER APPROACH 
 

Look at the problem and the solution in Example 1.  Do you see 

any connections there?  The x-coordinate of the center (the 2) is 

the opposite of the number following the x in the circle equation.  

Also, the y-coordinate of the center (the 1) is the opposite of the 

number following the y in the circle equation.  And last, the 

circle's radius, 5, is the positive square root of the 25 on the right 

side of the circle equation (just as we expected).   
 

The following table shows the relationships between the 

equations of some circles and the circles’ centers and radii.  Study 

it carefully. 

   

Equation of Circle Center Radius 

(x  7)2 + (y  4)2  =  121 (7, 4) 11 

(x + 3)2 + (y + 5)2  =  49 (3, 5) 7 

(x  1)2 + (y + 12)2  =  21 (1, 12) 21  

(x + 11)2 + (y  9)2  =  93 (11, 9) 93  
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Equation of Circle Center Radius 

x2 + (y  8)2  =  1 (0, 8) 1 

(x + 13)2 + y2  =  50 (13, 0) 5 2  

x2 + y2  =  108 (0, 0) 6 3  

 

 

 

Homework 

2. Find the center and radius of each circle using the 

“shortcut” described in the chart above: 

 a. (x + 5)2 + (y  3)2  =  144   b. (x  1)2 + (y + 11)2  =  48 

 c. (x + 7)2 + (y + )2  =  50    d. (x  2 )2 + (y  2.3)2  =  1 

 e. (x + 3) + (y  1)  =  9     f. (x  3)2 + (y + 2)  =  7 

 

3. Find the equation of the circle with the given center and 

radius: 

 a. C(0, 0)      r = 7      b. C(0, 0)      r = 10  

 c. C(3, 0)   r = 3      d. C(0, 4)   r = 1 

 e. C(0, 2)   r = 3      f. C(12, 0)  r = 12 

 g. C(2, 7)  r = 10      h. C(1, 3) r = 2 3  

 i. C(3, 4)  r = 3 5      j. C(2, 9)  r = 5 7  

 k. C(1, 2)  r = 0      l. C(3, 5)  r = 9 
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   A NEW TWIST FOR THE CIRCLE 
 

Now for a tricky circle question: 
 

Find the center and radius of the circle  x2 + y2 + 8x  6y + 9  =  0. 
 

This circle is not in the standard form we’ve been using to extract the 

center and radius.  So, how in the heck do we convert this circle 

equation containing no parentheses into the proper form with the two 

sets of parentheses?  Any ideas before you read on? 

 

EXAMPLE 2: Graph the circle  x2 + y2 + 8x  6y + 9  =  0. 

 

Solution: Creating the graph will depend on finding the circle's 

center and radius.  To calculate these, we need to convert the 

given equation of the circle into standard form. 
 

Remember the “magic number” we used to solve quadratic 

equations by completing the square?  We use the same trick here, 

except we will complete the square in both variables.  Cool . . . we 

get to calculate two magic numbers!   
 

Start with the given equation of the circle: 

    x2 + y2 + 8x  6y + 9  =  0 

Rearrange the terms, putting the x-terms next to each other and 

the y-terms next to each other: 

    x2 + 8x + y2  6y + 9  =  0 

Take the constant 9 to the other side of the equation: 

    x2 + 8x + y2  6y  =  9 

Now calculate the two “magic numbers”: 
 

Half of 8 is 4, and 42 = 16.  This is the magic number for x. 
 

Half of 6 is 3, and  (3)2 = 9.  This is the magic number for y. 
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Now we add the magic numbers to both sides of the equation so 

that perfect square trinomials will be formed on the left side: 

   2 28 616 19 69 9x x y y            

       factorable          factorable 
 

Now factor the first three terms, then factor the next three terms, 

and then do the arithmetic on the right side of the equation: 

    (x + 4)2 + (y  3)2  =  16 

We made it!  Now that the circle equation is in standard form, we 

can read the center and radius directly from the equation.  The 

center is (4, 3) and the radius is 4 (the positive square root of 

16).  This info is just what we need to graph our circle: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Homework 

4. Find the center and radius of each circle: 
 

  a. x2 + y2 + 8x  10y  40  =  0    

  b. x2 + y2  16x + 8y + 31  =  0  

  c. x2 + y2 + 12x + 14y + 49  =  0    
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  d. x2 + y2 + 14x + 24  =  0      

  e. x2 + y2  6y  216  =  0      

  f. x2 + y2 + 8x + 6y + 10  =  0 

  g. x2 + y2  2x  4y  3  =  0 

  h. x2 + y2 + 4x  10y + 12  =  0 

  i. x2 + y2  20x + 6y + 101  =  0 

  j. x2 + y2 + 2x  4y + 25  =  0 

 

 

 

Review 
Problems 

5. Describe the graph of each equation: 
 

  a.  x2 + y2  =  1,000,000   b.  x2 + y2  =  1 
 

  c.  x2 + y2  =  0    d.  x2 + y2  =  9 
 

6. Consider the equation (x  h)2 + (y  k)2  =  C.  Describe the graph of 

this equation  
 

a.  if C > 0  b.  if C = 0  c.  if C < 0 
 

7. Find the center and radius of the circle x2 + y2  =  20. 
 

8. Find the center and radius of the circle  x2 + y2  10x + 2y + 3  =  0. 
 

9. Matching: 

  ____ y = 3     A.  parabola 

  ____ 2x2  3y  =  10   B.  circle 

  ____  x2 + (y  1)2  =  2   C.  horizontal line 

  ____ x  y + 10  =  0    D.  non-horizontal line 

 

Note:  If you come across a 
circle equation like 

 

  3x2 + 3y2 + 24x  15y + 6  =  0 
 
just divide each side of the 
equation by 3 (meaning divide 
every term by 3), and then 
proceed as usual. 
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10. True/False: 
 

  a. Every circle has at least one intercept. 

  b. The radius of the circle x2 + y2  =  1 is 1. 

  c. The graph of y  =  x2  9x + 17 is a parabola. 

  d. x2 + y2 + 4  =  3 is a circle. 

  e. x2 + y2  =  1 is called the unit circle. 

  f. The center of the circle (x  2)2 + (y  5)2  =  10 is (2, 5). 

   g.     The radius of the circle x2 + y2 + 8x  6y + 9  =  0 is 4. 

  h. The graph of 10x2 + 10y2  =  37 is a circle. 

  i. The graph of 10x2  10y2  =  37 is a circle. 

  j. The graph of 10x2 + 9y2  =  37 is a circle. 

  k. The area of the circle x2 + y2  =  25 is 25. 

 

 

 

Solutions 

1. a. C(0, 0)  r = 8      b. C(0, 0)  r = 2 6    

 c. C(0, 7)  r = 2      d. C(3, 0)  r = 5    

 e. C(1, 8)  r = 2 15    f. C(2, 3)  r = 3 11  

 

2. a. C(5, 3)  r = 12     b. C(1, 11)  r = 4 3  

 c. C(7, )  r = 5 2    d.  C( 2 , 2.3)  r = 1 

 e. Trick: It’s a line    f. Trick: It’s a parabola 
 
 

3. a. x2 + y2  =  49     b. x2 + y2  =  10 

 c. (x  3)2 + y2  =  9   d. x2 + (y  4)2  =  1 

 e. x2 + (y + 2)2  =  3   f. (x + 12)2 + y2  =  144 

 g. (x  2)2 + (y  7)2  =  100  h. (x + 1)2 + (y + 3)2  =  12 



 

Circles  Center Off the Origin 

10 

 i. (x  3)2 + (y + 4)2  =  45  j. (x + 2)2 + (y  9)2  =  175 

 k. Not a circle; just the point (1, 2)    

 l. Not a circle; in fact, no graph at all 
 
 

4. a. C(4, 5)  r = 9     b. C(8, 4)  r = 7   

 c. C(6, 7)  r = 6     d. C(7, 0)  r = 5    

 e. C(0, 3)  r = 15     f. C(4, 3)  r = 15  

 g. C(1, 2)  r = 2 2     h. C(2, 5)  r = 17  

 i. C(10, 3)  r = 2 2    j. Not a circle 
 

5. a.  A circle with center at the origin and a radius of 1,000. 

 b.  A circle with center at the origin and a radius of 1. 

 c.  The point (0, 0), and that’s it. 

 d.  Since the sum of two squares is never negative, there is NO graph. 
 

6. a.  If C > 0, the graph is a circle with center at the origin and radius C . 

 b.  If C = 0, the graph is just the single point (h, k); i.e., the “center” of a   

      phantom circle. 

 c.  If C < 0, the graph is empty (there’s no graph at all). 
 
 

7. C(0, 0);  2 5r      8. C(5, 1);  r = 23  
 
 

9. C, A, B, D 
 
 

10. a.  F   b.  T   c.  T  d.  F  e.  T  f.  F 

 g.  T   h.  T   i.  F  j.  F   k.  T 

 

“The educated differ from the uneducated 

as much as the living from the dead.” 

 

       (Aristotle) 
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CH XX PREPARING FOR 

COMPLETING THE SQUARE 
 

 

   INTRODUCTION 
 

’m assuming that the only methods you might have learned for 

solving a quadratic equation are the factoring method (and 

perhaps the Quadratic Formula).  For example, to solve the 

quadratic equation 
 

   2x2 + 3x  20  =  0 
  

by factoring, you would proceed as follows: 
 

  2x2 + 3x  20  =  0        (the given equation) 
 

  (2x  5)(x + 4)  =  0        (factor the quadratic) 
 

  2x  5  = 0   OR  x + 4  =  0      (set each factor to 0) 
 

  5
2

x    OR  x  =  4, and we’re done — two solutions. 

 

So factoring is a good enough method, you say?  I cannot agree with 

you; I submit to you the following quadratic equation: 
 

   x2 + 7x + 5  =  0 
 

It’s not a complicated equation — the numbers are small, and there 

aren’t even any negative numbers to mess with.  So go ahead; I dare 

you to factor that thing. 
 

See my point?  Trust me, that equation does have two solutions, but 

factoring is not the method that will yield those two solutions.  We need 

a new method for solving quadratic equations, and this chapter will 

give you some of the prerequisite skills required for a future chapter 

that covers the technique called Completing the Square. 

 

I 

Completing%20the%20Square.pdf
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   FACTORING PERFECT SQUARE TRINOMIALS 
 

Let’s review the term perfect square.  The number 100 is a perfect 

square because 100 can be written as the square of 10:  100 = 102.  

Also, the expression (x + 5)2 is a perfect square, since it is the square of 

x + 5.  Even n6 is a perfect square because it is the square of n3: 
6 3( )n n

2
.   

 

One of the steps in solving a quadratic equation by completing the 

square is factoring a perfect square trinomial.  Let’s look at four 

examples. 

 

Example 1: 
 

  x2 + 14x + 49 is a perfect square trinomial because it’s a 

 trinomial that factors into the square of a binomial: 
 

   x2 + 14x + 49  =  (x + 7)(x + 7)  =  (x + 7)2 

  [perfect square trinomial]   [square of a binomial] 

 

Example 2:   
 

  n2  20n + 100 is a perfect square trinomial: 

  n2  20n + 100  =  (n  10)(n  10)  =  (n  10)2 

 
 

Here are a couple of examples with fractions: 

 

Example 3:  
   

 
2

2 9 3 3 3
4 2 2 2

3 = =a a a a a            
    

 

Check:   

  
2

2 2

3 3 6= = 3
2 2 2

3 3 3 3 3 9 9
2 2 2 2 2 4 4

= = = 3a a a a a a a a



               
    

 
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Example 4:   

  
2

2 2 1 1 1 1
5 25 5 5 5

= =y y y y y            
    

 

      Check:    

      
2 21 1 1 1 1 2 1

5 5 5 5 25 5 25
= =y y y y y y y          

  
  

 

 

Homework 

1. Factor each perfect square trinomial: 

  a. x2 + 10x + 25     b. y2  18y + 81 

  c. 
2 1

4
a a        d. 

2 4 4
3 9

m m   

  e. 
2 2 1

5 25
z z       f. 

2 5 25
3 36

w w   

  g. 
2 9 81

5 100
b b       h. 

2 3 9
2 16

u u   

  i. 
2 4 4

7 49
n n       j. 

2 10 25
11 121

x x   

 

 

   REVIEW OF SOLVING QUADRATICS BY TAKING  
     SQUARE ROOTS 

 

Another skill required for completing the square is taking 

square roots to solve quadratic equations.  You might want to review 

Quadratic Equations by Taking Square Roots.  Here’s an example from 

that chapter. 

 

 

 

Quadratic%20Equations%20-%20Taking%20Square%20Roots.pdf
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EXAMPLE 5: Solve the quadratic equation:   (x + 7)2  =  81 

 

Solution: According to the Square Root Theorem, we can 

remove the squaring by taking the square root of both sides of the 

equation, remembering that the number 81 has two square roots: 

     (x + 7)2  =  81   (the original equation) 

    7 = 81x      (the Square Root Theorem) 

    x + 7  =   9   ( 81 = 9 ) 

     x  =  7  9   (subtract 7 from each side) 

 

Using the plus sign yields x  =  7 + 9  =  2. 
 

Using the minus sign yields x  =  7  9  =  16. 

  

   

 

 

 

    THE “MAGIC NUMBER”   
 

 Consider the trinomial x2 + 10x + 25.  We’ve learned 

that its factorization is  

   x2 + 10x + 25  =  (x + 5)2, which is the square of a binomial. 

  

 Let’s look carefully at the numbers in this equality.  Notice that the 5 is 

half of the 10, and that the 25 is the square of the 5. 
 

 Let’s do one more example.  Consider the factorization 

   n2  14n + 49  =  (n  7)2, which is the square of a binomial. 

 We note that the 7 is half of the 14, and that the 49 is the square of 

the 7. 
 

 So now imagine that I give you 

   x2 + 6x 

x  =  2  or  16 

Remember! 
  
81 has two 
square roots. 
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and I ask you to add a third term to this binomial so that the resulting 

trinomial will factor into the square of a binomial: 

   x2 + 6x + ???  =  (x + ?)(x + ?)  =  (x + ?)2 

Each single “?” must be 3, since 3 is half of 6.  Also, the “???” must be 9, 

since 9 is the square of the 3.  In other words, 

   x2 + 6x + 9  =  (x + 3)(x + 3)  =  (x + 3)2 

We shall call 9 the “magic number.”  It can be calculated for this 

problem using the following two-step rule: 
 

  1) Calculate half of 6, which is 3. 

  2) Square the 3, which is 9, the “magic number.” 
 

Note: When we convert x
2
 + 6x to x

2
 + 6x + 9 by adding the “magic number” 

9, we are not saying that they’re equal, but there will always be a way, 

depending on the type of problem, of adding the magic number without 

violating any of the laws of algebra.   
 

To become proficient in completing the square, we must be really good 

at finding the magic number.  The following chart gives more examples 

of how this is done.  We’ll let b represent the number in front of the 

variable (the coefficient of the linear term). 

 

Original 

Quadratic 

Value 

of b 

Half 

of b 

Half of b 

Squared = 

The Magic 

Number 

New Quadratic New Quadratic 

in Factored 

Form 

x2 + 22x 22 11 121 x2 + 22x + 121 (x + 11)2 

A2  14A 14 7 49 A2  14A + 49 (A  7)2 

n2 + 9n 9 9
2

 81
4

 
2 9x x  81

4
 

2
9
2

x  
 

 

2 2
5

y y  2
5

  1
5

  1
25

 
2 2

5
y y  1

25
 

2
1
5

y  
 

 

3u2  7u 
This problem can’t be done yet; 

the leading coefficient is not 1. 
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Homework 

2. Find the magic number for each quadratic binomial: 

 a. a2 + 8a     b. x2  12x     c. y2 + 28y 

 d. b2 + 3b     e. c2  7c     f. t2 + 11t 

 g. x2 + x      h. y2  y      i. z2 + 2z 

 j. 
2 2

3
g g      k. 

2 5
7

a a      l. 
2 7

13
x x  

 

 

 

Review 
Problems 

3. How many solutions does each quadratic equation have? 
 

  a. (x + 3)(x + 4)  =  0 ___  b. (x + 9)2  =  0  ___ 

  c. (x  1)2  =  10  ___   d. (x + 6)2  =  9  ___ 

 

4. Factor each trinomial:   

  a.  n2 + 10n + 25    b.  x2  18x + 81   

  c.  
2 25

4
5a a      d.  

2 4 4
3 9

x x     

  e.  
2 6 9

7 49
y y      f.  

2 1 1
5 100

t t    
 
 

5. Find the magic number for 2 7
9

w w . 
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Solutions 

1. a. (x + 5)2  b. (y  9)2  c. 
2

1
2

a  
 

  d. 
2

2
3

m  
 

 

 e. 
2

1
5

z  
 

  f. 
2

5
6

w  
 

  g. 
2

9
10

b  
 

 h. 
2

3
4

u  
 

 

 i. 
2

2
7

n  
 

  j. 
2

5
11

x  
 

 

 

2. a. 
21

2
8 = 4, and 4 = 16    b. 

21
2

12 = 6, and ( 6) =    36  

 c. 
21

2
28 = 14, and 14 = 196   d. 

2
1 3 3
2 2 2

3 = , and =   
 

9
4

 

 e. 
2

1 7 7
2 2 2

7 = , and =     
 

49
4

 f. 
2

1 11 11
2 2 2

11 = , and =   
 

121
4

 

 g. 
2

1 1 1
2 2 2

1 = , and =   
 

1
4

  h. 
2

1 1 1
2 2 2

1 = , and =     
 

1
4

 

 i. 
21

2
2 = 1, and 1 = 1   j. 

2
1 2 1 1
2 3 3 3

= , and =   
 

1
9

 

 k. 
2

1 5 5 5
2 7 14 14

= , and =     
 

25
196

  

 l. 
2

1 7 7 7
2 13 26 26

= , and =     
 

49
676

 

 

 

 

3. a.  2  b.  1  c.  2   d.  0 
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4.    a.  (n + 5)2   b.  (x  9)2    c.  
2

5
2

a  
 

   

 d.  
2

2
3

x  
 

    e.  
2

3
7

y  
 

  f.  
2

1
10

t  
 

 

 

 

5. 49
324

 

 

 

 

 

 

 

 

Education is not  

a preparation for life; 

education is life itself. 
John Dewey 
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CH N  COMPLETING THE SQUARE 
 

 

f you understand all the concepts in the chapter 

Preparing for Completing the Square, you’re 

ready to tackle this chapter.  
 

 

   THE FIVE STEPS IN COMPLETING THE SQUARE 
 

We’re now ready to combine many of our algebra skills into solving non-

factorable quadratic equations, like x2 + 3x + 1  =  0. 
 

We start by assuming that the quadratic equation is in standard form.  

If it’s not, we know we can always move things around to convert it to 

standard form: 

    ax2 + bx + c  =  0  (where a  0) 

 

  

I 

  
 1. Make sure that the leading coefficient (the a) is 1.  If it’s 

not, divide each side of the equation (all terms) by a. 
 

 2. Move the constant to the other side of the equation. 
 

 3. Compute the “magic number” and add it to both sides of 
the equation.  This step “Completes the Square.” 

 
 4. Factor the left side, and then simplify the right side. 
 
 5. Solve the resulting equation by taking square roots, 

remembering that every positive number has two square 
roots (the Square Root Theorem).   

 
Note:    Steps 1 and 2 can be done in either order. 
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   EXAMPLES OF COMPLETING THE SQUARE 
 

EXAMPLE 1:  Solve by Completing the Square: 
 

    x2 + 8x  20  =  0  

 

Solution: Even though this quadratic equation is factorable, 

we’ll solve it by completing the square — a technique that will 

also work on problems that aren’t factorable, as well as allow us 

to solve some problems with circles. 

 

Step 1:   
 

We must ensure that the leading coefficient (the a) is 1.  It 

already is 1 (x2 = 1x2), so step 1 is done, and the equation 

remains the same: 

     x2 + 8x  20  =  0 

 

Step 2: 
 

Move the constant (the 20) to the right side of the 

equation by adding 20 to each side of the equation: 

     x2 + 8x  =  20      

 

Step 3:    
 

Now we calculate the magic number: 
  

  a)  Calculate half of 8:  1
2

(8) = 4  
   

   b)  Square that 4; the magic number is 16. 
 

Add the magic number to each side of the equation: 

     2 168 = 2 160x x    
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Step 4: 
 

Factor the left side and simplify the right side: 

     (x + 4)2  =  36 

 

Step 5: 
 

  Solve by taking square roots: 
 

 4 = 36x     (36 has two square roots) 

    x + 4  =   6   (simplify the radical) 

     x  =  4  6   (subtract 4 from both sides) 

  Using the plus sign         x  =  4 + 6  =  2 

  Using the minus sign      x  =  4  6  =  10   

 

We have now solved our first equation by completing the square, 

and its solutions are 

 

 
 

 

Note that we could have solved the quadratic equation by 

factoring.  No matter the method, we would get the same 

solutions. 

 

 

EXAMPLE 2: Solve by Completing the Square:  
 

    3x2  5x + 1  =  0  

 

Solution: We proceed as we did above with the 5-step plan. 

 

Step 1: 
 

The first requirement for completing the square is a 

leading coefficient of 1.  Since the leading coefficient in this 

x  =  2  or  10 
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problem is 3, we will have to divide both sides of the 

equation by 3: 

     
23 5 0=

3 3
1x x   

   or, 
2 5 1

3 3
= 0x x            (divide all terms by 3) 

Step 2: 

Move the constant to the right side, resulting in 

     
2 5 1

3 3
=x x            (subtract 

1

3
 from both sides) 

Step 3: 

It’s now time for the magic number, the number that will 

complete the square.  We calculate half of 5
3

 , square that 

result, and we’ll have the “magic number” that will be 

added to each side of the equation. 

     Magic Number Calculation:        

     
2

1 5 5 5
3 62 6

= , and then =        
   

25
36

 

Add this number to each side of the equation: 

     
2 25 25

36
5 1
3 3 36

=x x     

 
Step 4: 

Factoring the left side and adding the fractions on the right 

side gives us: 

     
2

5 13=
6 36

x  
 

      1 25 12 25 13
= =

3 36 36 36 36
    
  

 

Step 5: 

Now we take the square root of each side of the equation, 

remembering that the right side has two square roots: 

     5 13=
6 36

x    
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Next, we isolate the x by adding 5
6

 to each side of the 

equation:  

     5 13=
6 36

x   

Split the radical: 

     
135=

6 36
x    [from the rule:  

aa
b b

 ] 

And simplify the bottom radical: 

     
135=

6 6
x   

Combining the fractions into a single fraction (the LCD is 

6) produces the final answer: 

 

          Our quadratic has two solutions. 

 

 

 

 

Homework 

1. At what point in Completing the Square could you determine that 

the quadratic equation you’re trying to solve has NO solution? 

 

2. Solve each quadratic equation by Completing the Square: 
 

  a. y2  6y + 5  =  0        b. x2 + 13x + 30  =  0 

  c. z2 + 5z  14  =  0     d. 2n2  n  1  =  0 

  e. 12t2  5t  3  =  0     f. 10a2 + 7a + 1  =  0 

  g. x2 + 25  =  10x      h. 4u2 + 20u + 25  =  0 

  i. w2  =  w  5      j. 2h2 + 1  =  h 

5 13
=

6
x


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3. Solve each quadratic equation by Completing the Square: 
 

  a. x2 + 3x + 1  =  0     b. y2  4y + 2  =  0 

  c. 2a2 + 6a + 3  =  0     d. n2 + 8n  2  =  0 

  e. 3u2  4u  2  =  0     f. t2 + 10t + 3  =  0 

 g. 5w2 + w + 1  =  0     h. 2x2  =  5x  1 

 i. g2  =  3g  5      j. 3m2  =  1  4m 

 
 

4. Solve each quadratic equation by Completing the Square: 

   a.  q2 + 8q + 15  =  0   b.  2x2  7x + 1  =  0  

   c.  3n2 + n  5  =  0    d.  4a2  5a  =  3   

   e.  5w2  =  2  7w    f.  z2 + 1  =  2z 

 

 

 

Solutions 

1. As soon as you notice that you’ve reached the square root of a negative 

number, you can stop and conclude that the quadratic equation has no 

solution (in the real numbers). 
 
 

2. a. y  =  1, 5   b. x  =  3, 10   c. z  =  2, 7 

 d. 
1
2

= 1,n     e. 3 1
4 3

= ,t     f. 
1 1
2 5

= ,a    

 g. x  =  5    h. 
5
2

=u     i. No solution 

 j. No solution 
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3. a. 
3 5

=
2

x
 

  b. = 2 2y     c. 
3 3

=
2

a
 

 

 d. = 4 3 2n     e. 
2 10

=
3

u


  f. = 5 22t    

 g. No solution   h. 
5 17

=
4

x
 

  i. No solution 

 j. 
2 7

=
3

m
 

 

 

4. a.  q = 5, 3   b.  
7 41

=
4

x


   c.  
1 61

=
6

n
 

 

 d.  No solution   e.  2
5

= , 1w      f.  z = 1 

 

 

 

 

 

 

 

  



 

Ch n Completing the Square 

8 

 

 

 

 

 

 

 

Albert Einstein 
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CH XX  CUBIC FUNCTIONS 
 

 

ou’re given a square piece of cardboard, 8 cm 

on a side, and told to cut squares of equal 

size out of each corner and fold up the resulting 

flaps, all to create an open box (no top) with 

the largest possible volume.  What size corners 

should you cut from the cardboard?  Solving 

this problem involves a cubic function. 
 

   INTRODUCTORY EXAMPLE 
 

EXAMPLE 1: Graph:   y  =  x3 

 

Solution: This is the classic cubic function — it’s as simple as a 

cubic can be.  The domain is ℝ (since any number can be cubed 

without a problem).  Confirm the values in the following x-y table. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Y 

x y 

3 27 

2 8 

1 1 

1

2
  

1

8
  

0 0 

1

2
 

1

8
 

1 1 

2 8 

3 27 

(2, 8) 

(2,  8) 

(1, 1) 

(1, 1) (1/2, 1/8) 

(1/2, 1/8) 
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Note that when x = 0, y = 0; and when y = 0, x = 0.  Therefore, the 

only intercept is the origin.  Also notice that the range of the 

function is ℝ.  
 

Also, the graph of the function appears to have origin 

symmetry.  To prove this, replace x with x and y with y, giving 

   y = (x)3      y = x3      y = x3, the original equation. 

In addition, these limits should be clear: 

   As x  , y               As x  , y   

 

 

Homework 

1. a. In Example 1, we claimed that the domain is ℝ, so we should 

be able to cube any real number.  Cube each of these numbers:  

10, , 3 7 , 611 . 

 b.  It’s also the case that y can be any real number.  Find an 

x-value that will yield the given y-value:  64, 1
27

, 125, , e.  

[e is a number we’ll learn about later in the course.] 

2. Graph  y = x3.  Remember, x3 means cube x first, and then 

attach the minus sign. 

 

3. Graph  ƒ 3( ) = 2x x   and 3( ) = 3g x x  , and then explain what 

effect the 2 and the 3 have on the graph of y = x3. 

 

4. Graph  ƒ 3( ) = ( 1)x x   and 3( ) = ( 4)g x x  , and then explain 

what effect the 1 and the 4 have on the graph of y = x3. 

 

5. For the function y = x3, verify the limit “As x  , y  ” by 

finding the x-value needed to guarantee that y can be made as 

large as one billion. 

 

6. What is the slope of the curve y = x3 at the origin? 
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7. This problem will prepare us for an issue in the next section.  Let’s 

solve the quadratic equation x
2
 + 7x  18  =  0 by factoring.   

 

 x
2
 + 7x  18  =  0 

 (x + 9)(x  2)  =  0 

 x + 9  =  0  or  x  2  =  0 

 x  =  9  or  x = 2 

Notice that the solution x = 9 came from the factor x + 9, while the 

solution x = 2 came from the factor x  2.  So here’s the question:  What 

quadratic equation has the solutions x = 7 and x = 5?  If 7 and 5 are 

solutions, then x  7 and x + 5 must be factors:  (x  7)(x + 5)  =  0,  

or x
2
  2x  35  =  0. 

 

Find a quadratic equation whose solutions are given: 

a. x = 5, 10  b. x = 4, 9  c. x = 2, 11 

d. x = 12  e. x = 7  f. x = 0, 5 

 

 

   INTERCEPTS AND GRAPHING 
 

EXAMPLE 2: Graph:   y  =  x3  9x 

 

Solution: This is another cubic function whose domain is ℝ.   
 

Let’s analyze intercepts.  If we let x = 0, then y = 0, and so the 

graph has a y-intercept at the origin.  Setting y to 0 gives 

   0  =  x3  9x  =  x(x2  9)  =  x(x + 3)(x  3), 

whose solutions are x = 0, x = 3, and x = 3.  Thus the x-intercepts 

are the points (0, 0), (3, 0), and (3, 0). 
 

Let’s check for symmetry — we’ll try y-axis symmetry first.  

Replace x with x and we get  y  =  (x)3  9(x)  =  x3 + 9x.  This 

is not the same formula as the original, so we do not have y-axis 

symmetry.  But you can check that if we replace x with x and y 
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with y, then we do get the same equation, and we can conclude 

that the graph has origin symmetry. 
 

A few more calculations will give us the points 

   (4, 28)     (2, 10)     (1, 8)     (1, 8)     (2, 10)     (4, 28). 

Now let x be really big and really small, and you should be 

convinced of these limits: 

   As x  , y               As x  , y   

These points, along with the intercepts, the origin symmetry, and 

the limits, lead us to the following graph: 

  

 

EXAMPLE 3: Find all the x-intercepts of  

    y  =  x3  x2  14x + 24. 

  Hint:  One of them is (2, 0). 

 

Solution: Why the hint?  To find the x-intercepts of any graph, 

we set y = 0.  This yields the equation 

    x3  x2  14x + 24  =  0 

We can’t use the Quadratic Formula since we have a cubic 

equation, not a quadratic one.  That leaves factoring as the only 

viable technique, but factoring a cubic is difficult. 
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It’s time to take advantage of the hint:  (2, 0) is one of the 

x-intercepts.  This means that the point (2, 0) is on the graph of 

the cubic function, which implies that the coordinates x = 2 and y 

= 0 must satisfy the equation of the cubic function.  Let’s verify 

this: 

  0  =  23  22  14(2) + 24   

  0  =  8  4  28 + 24   

  0  =  0    
 

Now back to the cubic equation above: 

    x3  x2  14x + 24  =  0 

Here’s the clue we need to solve this equation:  Since x = 2 is one 

of the solutions of this equation (verified above), then x  2 must 

be one factor of the left side of the equation.  [See the previous 

homework problem.]       
 

To find the other factors, we’ll divide  x3  x2  14x + 24  by x  2, 

the details of which are left to you. 

    
2

3 2

12

2 14 24

x x

x x x x

 

   
 

Since the quotient is x2 + x 12 and the divisor is x  2, we can 

write 

    x3  x2  14x + 24  =  (x2 + x  12)(x  2) 

Factoring the quadratic gives us the complete factorization.  

Here’s the process from the beginning: 
 

 x3  x2  14x + 24  =  0  (the equation we’re trying to solve) 

 (x2 + x  12)(x  2)  =  0  (from the long division) 

 (x + 4)(x  3)(x  2)  =  0  (factor the quadratic) 

 x = 4  or  x = 3  or x = 2  (set each factor to 0) 
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And we thus have all three x-intercepts:   

         

 

Can you see that the y-intercept is (0, 24)? 

 

 

EXAMPLE 4: Consider the cubic function y  =  x3 + 2x2  x  2.  

Use the fact that one of the x-intercepts is 

(1, 0) to find all the intercepts, and then graph 

the function. 

 

Solution: First, the domain of the function is ℝ.  Second, as in 

the previous example, we realize that an x-intercept of (1, 0) 

means that x + 1 is one factor of the cubic.  Dividing x + 1 into x3 

+ 2x2  x 2 gives a quotient of x2 + x  2, which itself factors into 

(x + 2)(x  1).  The complete factorization of the cubic function y  =  

x3 + 2x2  x 2 is 

    y  =  (x + 1)(x + 2)(x  1). 

Setting y to 0 gives the following three x-intercepts: 

    (1, 0)     (2, 0)     (1, 0) 

Setting x to 0 gives a y-intercept of (0, 2).  You can verify (via 

calculator) that these points are on the graph, too: 

   (2.25, 1.015625)     (1.5, 0.625)     (0.25, 2.109375) 

If you plot the three x-intercepts, the y-intercept, and the three 

points above, you’ll get a graph like the following: 

(4, 0)     (3, 0)     (2, 0) 
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The graph does not seem to have any symmetries.  Also, we note 

these two limits:  As x  , y  , and as x  , y  .  

 

Postscript: It’s impossible to accurately determine the maximum 

point (the top of the hill) in the second quadrant, or the minimum 

point (the bottom of the valley) in the fourth quadrant.  Calculus is 

the subject where we find the tools needed to determine these two 

extreme points precisely. 

 

 

EXAMPLE 5: Find the intercepts and then sketch the graph 

of  y  =  2x3 + 3x2 + 11x  6.  Hint:  One of the 

x-intercepts is (3, 0). 

 

Solution: An x-intercept of (3, 0) implies that x  3 is one factor 

of the cubic.  Dividing the cubic by x  3 yields a quotient of 2x2 

 3x + 2, which factors into (2x 1)(x + 2).  When this product is 

set to 0, we find that two additional x-intercepts are 1
2
( , 0)  and 

(2, 0).  When we throw in the given x-intercept, and then 

calculate the y-intercept, we get four intercepts: 

   (2, 0)     1
2
( , 0)       (3, 0)     (0, 6) 

With these four intercepts and a few other points which I’ll leave 

for you to plot, we get the following graph: 
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The limits for this graph are different from the previous 

examples:  As x  , y  , and as x  , y  .  Do you 

know what it is about the cubic equation which produces these 

limits? 

 

 

Homework 

8. Graph  y  =  x3  4x. 

 

9. Find all the x-intercepts of  y  =  x3  4x2  7x + 10.  Hint:  One of 

them is (1, 0). 

 

10. In Example 4, perform the long division to verify the factorization 

of the cubic.  Now verify the calculations of the three additional 

points on the graph.  Finally, without referring to the graph, 

prove that the graph has no symmetries. 

 

11. Graph  y  =  x3  3x2 + 2x.  Label all the intercepts clearly.  

Estimate the maximum and minimum points on the graph. 

 

12. Graph  y  =  x3 + 3x  2.  Hint:  One of the x-intercepts is (2, 0).  

Estimate the maximum and minimum points on the graph.  As 

x  , y  _____.  As x  , y  _____. 

 

13. Graph  y  =  x3  2x2  5x + 6.  Hint:  (2, 0) is an x-intercept. 

 

14. Graph  y  =  x3  4x2  4x.   

 As x  , y  _____.  As x  , y  _____. 

 

 

   AN APPLICATION OF CUBIC FUNCTIONS 
 

Remember the box question described in this chapter’s Introduction?  

Now we’re ready to answer that query.  You may recall from Gertrude’s 

pigpen problem that a given amount of fence could produce different 
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areas, depending on what dimensions we chose for the rectangle.  The 

same concept applies to the box problem.  We’ll begin with two specific 

scenarios which should convince you that we could get different 

volumes with the same square piece of cardboard. 

 

EXAMPLE 6: Start with a cardboard square 8 cm by 8 cm.  

First cut out 1-cm squares from the corners and 

fold up the flaps to create an open box, and 

compute its volume.  Then, starting with the 

original 8-cm square, cut out 2-cm squares from 

the corners and compute the volume of the 

resulting box.  Prove that the two boxes have 

different volumes. 

 

Solution: The volume of a box with dimensions l, w, and h is 

given by  

     V  =  lwh 

  1-cm corners removed  2-cm corners removed  

  leaves a box 6 cm on  leaves a box 4 cm on 

  each side and 1 cm high  each side and 2 cm high 

  

 

 

 

     V  =  6 cm  6 cm  1 cm        V  =  4 cm  4 cm  2 cm 

          =  36 cm3        =  32 cm3 

 

Therefore, the boxes have different volumes, even though each 

box was created from identical 8-cm squares of cardboard.  The 

next example will ask us to find the size of the cut-out corner that 

will produce the maximum volume.  After all, given an 8-cm 

square of cardboard, we might as well get the most volume that 

we possibly can from the box. 
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EXAMPLE 7: An 8-cm square piece of cardboard is to be 

made into an open box by cutting squares from 

the corners and folding up the flaps.  What size 

squares should be cut to achieve a box of 

maximum volume?  What will the maximum 

volume be? 

 

Solution: Here’s the plan of attack.  We’ll sketch the piece of 

cardboard with the corners removed; we’ll assume that each 

square corner removed has dimensions of x cm by x cm.  Then 

we’ll write an expression that represents the length and width of 

the box which results from folding up the flaps.  Since the height 

of the box is x cm, we’ll be able to create a volume formula from 

the length, the width, and the height.  Last, we’ll graph the 

resulting function and estimate the value of x which produces the 

maximum volume. 

 

 

 

 

 

 

 

 

 

 

The following are the dimensions of the box when the flaps are 

folded up: 

  length  =  8  2x 

  width   =  8  2x 

  height  =  x 
 

 

And so the volume has the formula: 








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    2

3 2

(8 2 )(8 2 )

(64 32 4 )

4 32 64

x x x

x x x

x x x

V lwh

  

  

  



 

Therefore, the function we’re trying to maximize is given by 

    V  =  4x3  32x2 + 64x 

Factoring produces 

    V  =  4x(x  4)2 

which yields two x-intercepts, (0, 0) and (4, 0).  Clearly we could 

plot lots of other points to get a decent graph, but let’s just cut to 

the chase with the following graph: 

 

 

 

 

 

 

 

 

 

 

 

 

 

Before we get to the goal of this problem, let’s notice what the 

graph is telling us.  It says that when x = 0, V = 0 (i.e., the graph 

passes through the origin).  This makes sense because if we don’t 

cut out any corners, we can’t fold up the flaps, we get no box, and 

so obviously the volume is 0.  By the same token, if we cut out 

flaps that are 4 cm long, there’s no base left to the box, since it’s 

only 8 cm to begin with.  The graph indicates this situation at the 

point (4, 0).   
 

V 

x 
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Now to find the size of the squares to cut out and the maximum 

volume:  Look at the top of the mountain — this point represents 

maximum volume.  Going straight down to the x-axis, we 

estimate the x-coordinate to be about 1.3 cm.  Now move from the 

top of the mountain to the left, and the volume appears to be 

about 38 cm3.  In summary, 
 

   3

Cutting a 1.3 cm square from each corner

will produce a box with volume 38 cm .
 

 

 

Homework 

15. Each of the following numbers is the length of the side of a piece 

of square cardboard.  The cardboard square is to be made into 

an open box by cutting squares from the corners and folding up 

the flaps.  What size square should be cut from each corner to 

achieve a box of maximum volume?  Note that the solutions are 

approximations only.  As long as your answers are in the 

ballpark (and you really understand what you’re doing!), 

consider yourself correct. 

 

  a.  2    b.  3   c.  4   d.  6 

 
 
 
 

Review 
Problems 

16. Let y  =  2x3  4x2 + 9. 

  a. Is it a function?  Why?  b. Why is it cubic? 

 c. What’s its domain?  d. Find the y-intercept. 

  e. What would you do to find the x-intercepts? 
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17. How does the graph of g(x)  =  (x  2)3 + 7 compare to the graph of 

ƒ(x)  =  x3? 
 

18. Prove that the graph of  y  =  2x3 + 7x  has origin symmetry. 
 

19. Let ƒ(x)  =  3x3 + 4x  7 and g(x)  =  x3 + x2 + 100. 

 a. As x  , ƒ(x)  _____  b. As x  , ƒ(x)  _____ 

 c. As x  , g(x)  _____  d. As x  , g(x)  _____ 
 

20. If one of the x-intercepts of the cubic graph y  =  x3 + 3x2  61x  63 is 

(7, 0), find the other two intercepts. 
 

21. Graph  y  =  x3 + 2x.  Be sure to discuss symmetry, intercepts, and 

domain.  As x  , y  ___.  As x  , y  ___. 
 

22. Graph  y  =  x3 + 3x2  x  3.  Hint:  (1, 0) is one of the intercepts.  

Discuss symmetry, intercepts, and domain. As x  , y  ___.   

 As x  , y  ___. 
 

23. A 5-cm square piece of aluminum is to be made into an open box by 

cutting squares from the corners and folding up the flaps.  What size 

squares should be cut to achieve a box of maximum volume? 

 

24. True/False: 
 

 a. Both the domain and range of the function y = x3 are ℝ. 

 b. The slope of the curve y = x3 at the origin is about 1. 

 c. The curve y = x3 never touches the 4th quadrant. 

 d. For the function y = x3, as x  , y  0. 

 e. The graphs of ƒ(x) = (x)3 and g(x) = x3 are identical. 

 f. The graph of y  =  x3  16x has three x-intercepts. 

 g. The graph of y  =  x3  25x has its minimum point in Quadrant II. 

 h. If you know one of the x-intercepts of a cubic function, long 

division will help you find the others. 
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Solutions 

1. a. 1000,  3,  7,  11    b. 4,  1
3

,  5,  3  ,  3 e   

 

2.  

 

 

 

 

 

 

 

 

 

3. The graph of ƒ is x3 shifted up 2 units.   

 The graph of g is x3 shifted down 3 units. 

 

4. The graph of ƒ is x3 shifted right 1 unit. 

 The graph of g is x3 shifted left 4 units. 

 

5. Make x  1000 and y will be  1,000,000,000. 

 

6. I’d like to know your opinion. 

 

7. a. (x  5)(x  10)  =  0      x2  15x + 50  =  0 

 b. x2  5x  36  =  0     

 c. x2 + 13x + 22  =  0 

 d. Only one solution is given, but we’re required to 

provide a quadratic equation; so we must use the 

solution x = 12 twice:   

  (x  12)(x  12)  =  0, or x2  24x + 144  =  0 

 e. x2  49  =  0      

Any of the quadratic 
equations here could be 
multiplied by any 
nonzero constant and 
still have the same 
solutions.  I’ve chosen 
the simplest answers. 
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 f. x(x  5)  =  0       x2  5x  =  0 

 

8.  

 

 

 

 

 

 

 

 

 

 

9. Divide x  1 into x3  4x2  7x + 10; the quotient is x2  3x  10.  The 

complete factorization is (x  1)(x  5)(x + 2), and therefore the 

x-intercepts are (1, 0), (5, 0) and (2, 0). 

 

10. For the symmetries, use the litmus tests; e.g., to test for y-axis symmetry, 

substitute x for x and show that you do not get the same equation. 

 

11.            

 

            

 

 

 

 

 

 

  A maximum point appears roughly at (.4, .4), and a minimum point 

  near (1.6, .4). 
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12.  

 

         max at (1, 0) 

 

         min at (1, 4)      

 

         Limits:  ;   

 

 
 

13.  

 

Make sure your four intercepts match those 

on the graph. 

 

 

 

 

 

 

14.  

 

 

 

 

 

 

 

 

  Limits:  ;   

 

15. a.  0.3  b.  0.5  c.  0.7  d.  1 
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16. a.  Yes;  Given any input (an x), there’s only one output (a y). 

 b.  Because the highest exponent is 3. 

 c.  ℝ, since there’s no real number that could possibly cause any 

problems. 

 d.  Setting x = 0 gives y = 9.  Therefore, the y-intercept is (0, 9). 

 e.  Set y = 0, then solve the resulting equation for x.  

 

17. Compared to f, the graph of g is 2 units to the right and 7 units up. 

 

18. We replace x with x and y with y at the same time: 
 

   y  =  2(x)3 + 7(x) 

   y  =  2(x3) + (7x) 

   y  =  2x3  7x 

     y  =  2x3 + 7x, the same as the original equation. 
 

 Therefore, the graph has origin symmetry. 

 

19. a.    b.    c.    d.   

 

20. (1, 0) and (9, 0) 

 

21.  

Origin symmetry 

x-int:  (0, 0) and ( , 2 0)  

y-int:  (0, 0) 

Domain = ℝ 

Limits:  ;     
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22.  

 

No symmetry 

x-int:  (1, 0), (1, 0), and (3, 0) 

y-int:  (0, 3) 

Domain = ℝ 

Limits:  ;   

 

 

23. approximately 0.8 

 

24. a.  T b.  F c.  T d.  F e.  T f.  T  g.  F h.  T 

 

 

 Give a man a fish 

and you feed him for a day. 

Teach a man to fish 

and you feed him for a lifetime. 

 

 

Chinese Proverb 
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CH NN DISTANCE ON THE LINE  
AND IN THE PLANE 

 

 

ne important factor when 

visiting Disneyland is the 

distance between your home 

and the theme park.  It may 

determine your mode of 

transportation, the travel time, 

and thus the total cost of the trip.  
 
You might want to review the chapter Absolute 

Value, the Basics to help you understand this 

chapter.   
 

 

   DISTANCE ON A LINE 
 

 Our plan now is to create a formula that will give us 

the distance between two points on a line.  Consider 

the two points 10 and 17 on a line.  Is it pretty clear 

that the distance between them is 7?  If it’s not 

really obvious, you can simply subtract the smaller number from the 

larger one: 
 

 larger  smaller  =  17  10  =  7   
 

 This formula (larger  smaller) works perfectly for any two numbers on a 

line: 
 

  The distance between 7 and 5  =  5  (7)  =  5 + 7  =  12. 

   [Note that 5 is larger than 7.] 

O 

Distance is 
never negative. 

Absolute%20Value%20-%20Basics.pdf
Absolute%20Value%20-%20Basics.pdf
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  The distance between 9 and 20  =  9  (20)  =  9 + 20  =  11. 

   [Note that 9 is larger than 20.] 

 

  The distance between 12 and 12  =  12  12  =  0. 

   [Note that it doesn’t matter which you choose as the larger number.] 

 

 NOTE:  Subtracting in the wrong order (smaller  larger) is catastrophic.  

For example, if we try to find the distance between 10 and 17 like this: 
 

    10  17  =  7 
  

 we get a negative distance — quite forbidden! 
  

 Our way out of this mess is to come up with a formula for the distance 

between any two points on a line.  In other words, we need a formula for 

the distance between the numbers a and b on a line, when we may not 

know which one of them, a or b, is the larger one.  [See the NOTE above.]   
 

 Here’s the secret: Use absolute value.  Then, if we were to 

“accidentally” subtract in the wrong direction — and end up with a 

negative distance (which DOESN’T EXIST) — the absolute value will 

automatically convert that negative number into a positive number. 
 

 Moreover, if we properly subtract larger  smaller, we’ll get a positive 

number, whose absolute value will be just that number.  And if the two 

numbers are the same, the absolute value of 0 is still 0.  No matter the 

sizes of the two numbers, subtracting them (regardless of which one’s 

bigger, or even if they’re the same) — and then applying the absolute 

value to the difference — works every time. 
 

 So, in short, if a and b are any two numbers on the number line, we 

don’t even have to worry about which one is bigger.  We calculate the 

distance between them by using the following formula: 

 

 

    

 

The distance between 
two points on the line is 
the absolute value of 
their difference. 

 
  d  =  a  b 
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  Four Examples: 
 

   A. The distance between 7 and 3 is 7 3 4   4  
 

   B. The distance between 10 and 25 is 10 25 15    15 
 

   C. The distance between  and  is 0     0  
 

   D.   The distance between 17 and 5 is  
 

      17 ( 5) 17 5 12         12  

 

 

 

Homework 

1. Find the distance between the given pair of points on the 

number line, using the absolute-value formula, and show 

each step: 
 

  a. 7 and 2    b.  2 and 9    c.  3 and 3 
 

  d.  99 and 99   e.  5 and 13   f.  20 and 4 

 

 

    DISTANCE IN THE PLANE [USING A TRIANGLE] 
 

Assuming that you know how to plot points in the plane and remember 

the Pythagorean Theorem, we can tackle the question:  
 

How do we find the distance between two points in the plane? 

If the Earth were flat, it would be like asking how far apart two cities 

are if we know the latitude and longitude of each city. 
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EXAMPLE 1: Find the distance between the points (2, 3) and 

(5, 7) in the plane. 

 

Solution: Let’s draw a picture and see what we can see.  We’ll 

plot the two given points and connect them with a straight line 

segment.  The distance between the two points, which we’ll call d, 

is simply the length of that line segment. 

 

 

 

 

 

 

 

 

 

 

 

 

Now what do we do?  Well, here comes the interesting part.  If we’re 

creative enough, we might see that the segment connecting the two 

points can be thought of as the hypotenuse of a right triangle — as long 

as we sketch in a pair of legs to create such a triangle.  Let’s do that: 

 

 

 

 

 

 

 

 

 

Sure 

enough, 

we’ve 

(2, 3) 

(5, 7) 

d 

We’ve created a right 

triangle whose legs 

have lengths 3 and 4, 

and whose hypotenuse 

has a length equal to  

the distance between 

the two given points. 

How far is it between the 

two points (2, 3) and 

(5, 7)?  Equivalently, what 

is the length (d) of the 

line segment connecting 

the two points? 
(2, 3) 

(5, 7) 

d 
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constructed a right triangle where d is the length of the hypotenuse.  If 

we can determine the lengths of the legs, then we can use the 

Pythagorean Theorem to find the length of the hypotenuse.  By 

counting squares along the base of the triangle, we see that one leg is 3.  

Similarly, the other leg (the height) is 4.  Since the square of the 

hypotenuse is equal to the sum of the squares of the legs, we can write 

the equation 
    

 d2  =  32 + 42  (Pythagorean Theorem:  hyp
2
  =  leg

2
 + leg

2
) 

  d2  =  9 + 16  (square the legs) 

  d2  =  25   (add) 

  d  =  5   (since 25 5 ) 
 

You may notice that d = 5 also satisfies the equation d2 = 25, since 

(5)2 = 25; but does a negative value of d make sense?  No, because 

distance can never be negative; so we conclude that 

 

 

 

 

 

Homework 

2. By plotting the two given points in the plane and using the 

Pythagorean Theorem, find the distance between the 

points: 

  a.  (1, 1) and (4, 5)      b.  (2, 3) and (6, 6)     

  c.  (3, 5) and (2, 7)      d.  (4, 5) and (1, 7) 

  e.  (5, 0) and (1, 8)      f.  the origin and (6, 8) 

  g.  the origin and (5, 12)    h.  (2, 5) and (2, 1) 

  i.  (3, 4) and (2, 4)      j.  (, 99) and (, 99)  

 

 

The distance between the two points is 5 
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Note:  If we 

calculate x or y 

by subtracting in 

the reverse order, 

it doesn’t matter 

in the distance 

formula, since 

these changes are 

being squared 

anyway. 
 

 

    DISTANCE IN THE PLANE [USING A FORMULA] 

 
To find the distance between two points in the 

plane, we’ve learned to create a right triangle 

so that the hypotenuse is the distance between 

the points.   
 

Notice that the bottom leg is the change in x 

(x), while the vertical leg is the change in y 

(y).  Thus, by employing the Pythagorean 

Theorem, we know that d2  =  (x)2 +  (y)2.  

Solving this equation for d (and ignoring the 

negative square root), results in our Distance 

Formula: 

 

 

 

 

 

  

 

 EXAMPLE 2: Find the distance between the points (2, 8) and 

    (12, 14) in the plane. 

 

Solution: Using the formula we just created 

(and with no reference to a graph), we can 

calculate the following: 
 

          x  =  2  12  =  10             
 

     y  =  8  (14)  =  8 + 14  =  6 
     
 

    So the distance between the points is 
 

      d  =  2 2( ) ( )x y     

d 

x 

y 

2 2= ( ) ( )d x y  
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     d  =  2 2( 10) (6)   

     d  =  100 36  
 

     d  =  136  
 

     d  =   

                                               

  
 

    THE CLASSIC DISTANCE FORMULA  

 

 An alternative formula, commonly found in books, is to realize that x is 

the difference of the x-values, and y is the difference of the y-values, so 

that the distance between the points 
1 1

( , )x y  and 
2 2

( , )x y  is  

 

     

 

 

 

Homework 

3. Use either the Distance Formula with the x and y in it or 

the classic Distance Formula to find the distance between 

the given pairs of points: 
 

  a.  (1, 1) and (4, 6)      b.  (2, 3) and (6, 6)     

  c.  (3, 5) and (0, 7)      d.  (4, 5) and (1, 7) 

  e.  (9, 0) and (1, 8)      f.  the origin and (6, 11) 

  g.  the origin and (4, 10)    h.  (2, 5) and (2, 1) 

  i.  (3, 4) and (2, 4)      j.  (, 2 ) and (, 2 )  

 
 

2 34  

2 2
1 2 1 2

( ) ( )d x x y y     
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   TO   AND BEYOND 
 

 Find the distance in 3-space between the points (1, 5, 8) and (4, 9, 9). 
 

 

 

Solutions 

1. a. 7 2 5 5      b. 2 9 11 11      

 

 c. 3 ( 3) 3 3 0 0         
 

 d. 99 ( 99) 99 99 198 198       
 

 e. 8         f.  16 
 

2. a. 5  b.   5  c.   13  d.   13  e.   10  
 

 f.   10  g.   13  h.   6  i.   5  j.   0 

 

3. a.   34  b. 73  c. 3 17  d. 29  e. 2 41  
 

 f. 157  g. 2 29  h. 6  i. 5  j. 0  

 

 

“Give a man a fish 

  and you feed him for a day. 

Teach a man to fish 

  and you feed him for a lifetime.” 

 

 

Chinese Proverb 
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CH XX  DOMAIN 
 

 

ave you ever gotten an ERROR 

message on your calculator?  You 

may have tried to divide by zero — or 

perhaps you attempted to compute the 

square root of a negative number.  In 

either case, you tried to use a number 

outside the domain of the function you 

were trying to calculate. 
 

 

   TWO WAYS TO DESCRIBE THE DOMAIN 
 

The domain of a function is the set 

of all inputs to the function. 

There are two ways we specify the domain of a function. 
 

Sometimes, the domain is explicitly given (very common in Calculus).  

For instance,  
 

Let h be the function defined on the set of numbers 

[0, 3] by the formula h(x) = x2.    
 

The domain of this function is the set [0, 3].  Why?  Because the 

definition says so.  Thus, while h(0) = 0 and h(2.5) = 6.25 and h(3) = 9, 

the fact is that h(1) is undefined and h(4) is also undefined.  It’s not 

that 1 and 4 can’t be squared — they simply are not in the explicitly 

given domain, [0, 3]. 
 

H 

Functions%20-%20Tables%20and%20Mappings.pdf


 

Ch xx  Domain 

2 

Other times, the domain is not explicitly given, so we agree to use the 

natural domain.  In this scenario, the function's domain is every real 

number that’s legal to use in the formula.  For example, the function 

g(x) = x2 would have a domain of ℝ, because any real number can be 

squared.  But in the formula 3
7x

y


 , x can be any real number 

except 7 (otherwise, we’re dividing by 0).  Therefore, the domain is 

ℝ  {7}. 

 

The concept of domain also applies to formulas that are not functions.  

Consider the formula x = y2.  We know this is 

not a function because an input of x = 25, for 

instance, produces two outputs, y  = 5.  

Nevertheless, we can ask what inputs are 

allowed.  Since x is the square of y, it should be 

clear that x must be greater than or equal to 

zero.  That is, the domain is [0, ). 

 

 

Homework 

1. Consider the function ƒ 6 6( ) =
2 8

xx
x




.  Calculate each functional 

value:  a.  ƒ(12)        b.  ƒ(36)  c.  ƒ(4.5)  d.  ƒ(4)  e.  ƒ(3)   

 From these results we see that 12, 36, and 4.5 are in the _______ 

of the function, while 4 and 3 are not. 

 

2. What is the domain of the function defined by y = x3, x  [3, 5]? 

 

3. Consider the function given by the formula g(x)  =  x3  x2.  What 

is the domain of g? 

 

 

   PRELIMINARY EXAMPLES  

 

The non-function x = y2 

has domain [0, ) 
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We have a pretty good notion of what a function is.  There’s a set of 

inputs, which are in some way associated with a set of outputs.    

Although this association is usually given by a formula (e.g., y  = x2), 

don’t forget about the four quarters of the football game and the graphs 

in a previous chapter.  Most importantly, remember that this 

association between the inputs and the outputs is such that each 

element in the set of inputs is associated with exactly one output.  This 

chapter focuses on what inputs are allowed in a function. 

 

First Example:  Consider the function 1=y
x

.  What 

inputs are allowed in this function?  That is, what can 

x legally be?  Well, x had better not be 0, since division 

by 0 is undefined.  But if x is any other number, no 

problems will occur.  So x can be any real number 

except 0.   

 

 

 

 

Second Example:  Now consider the 

function =y x .  We ask the same 

question:  What x’s are allowed in this 

formula?  In other words, what kinds of real 

numbers are we allowed to take the square 

root of?  The answer is that we can take the 

square root of any number that is zero or 

greater — which is equivalent to saying that we cannot take the square 

root of a negative number.  Thus, x can be any number greater than or 

equal to 0, which we also write as x  0, or, if you’re familiar with 

interval notation: [0, ). 

 

 

Homework 

The set “All real numbers except 0” 
can be written ℝ  {0}.  
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4. Let y  =  2x + 10.  Which of the following are legal values of x? 
 

  a.  30   b.     c.  7   d.  0 

 

5. Let 3=
2

y
x 

.  Which of the following are legal values of x? 

 
  a.  3   b.  2   c.     d.  0 

 

6. Let =y x .  Which of the following are legal values of x? 
 
  a.  7   b.  0   c.  9   d.  99 

 

7. Let 
2
10=
144

y
x 

.  Which of the following are legal values of x? 

 
  a.  12   b.  20   c.  0      d.  12 

 

8. Let 
2

=
9

xy
x 

.  Which of the following are legal values of x? 

 
  a. 3   b. 0   c. 3   d. 2 

 

 

   THE DOMAIN OF A FUNCTION 
 

We know that the domain of a function is 

the set of legal inputs to a function.  Why is 

the domain a vital idea to consider?  Total 

havoc can result when a number outside the 

domain is introduced into the function (like 

in a spreadsheet or a programming 

language).   
 

For example, if our computer application tries to let x = 0 in the 

function 1=y
x

, we’re sunk — the computer will stop execution of the 

program and give an error message (or worse, freeze up!).  And if we 

allow x = 4 in the function =y x , then we’re really up a creek, since 

The domain of a 

function is the set 

of all legal inputs. 
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4  is not a real number, and we’re assuming that real numbers are 

all we have at our disposal in your course. 
 

To review, the domain of a typical function of x found in an algebra or 

trig course is the set of all real numbers that are legal for x to be in the 

formula.  For example, the domain of the function y = x2 is , all the 

real numbers (since any real number can be squared without any 

serious problem).  But in the formula 3=
7

y
x 

, x can be any real 

number except 7 (why?), and therefore the domain is ℝ  {7}, all the 

real numbers with 7 removed. 

 

 

Homework 

9. Consider the function = 2 8y x  .   

 Calculate the functional value for each x:     

  a.  12        b.  36    c.  4.5    d.  4     e.  3 
 

 From these results, we see that the values 12, 36, 4.5, and 4 are 

in the function's domain, while 3 is not. 

 

10. Let h be the function defined by 
2

1

9
=
x

y


.  Calculate each 

functional value: 
   

x 4 3 2 0 1 3 4 5 

y         
 

From this table of inputs and outputs, guess what the function's 

domain is.   

 

11. Consider the function given by the formula y  =  x3  x2.  What is 

the domain of g? 

 

12. What is the domain of the function 2=
3

y
x 

? 
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   FINDING THE DOMAIN 
 

I. y  =  2 
 

In this equation, the x isn’t even mentioned.  

There can, therefore, be no restrictions on x.  

That is, x can be any real number.  Thus, the 

domain is 

      

 

II. y  =  3x2  7x + 9 
 

We ask ourselves: What are the legal x’s?  Well, x 

can be anything, since the operations in the 

formula could not possibly be a cause for concern.  

The domain is therefore 

         

 

  

III. = 7 2
4 20

y x
x



 

 

Now we’ve got something interesting to look at.  

Question:  What can go wrong in a division 

problem?  Answer:  The possibility of dividing 

by zero.  We must ensure that x is never 

allowed to be a number that would make the 

denominator zero.  So we find out what 

value(s) of x would make the bottom zero, and 

then don’t allow those x’s to be in the domain!  

Setting the bottom to zero gives 
 

  4x  20  =  0            This is what we don’t want to happen. 

  4x  =  20 

ℝ 

ℝ 
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  x  =  5 
 

Thus, if x = 5, the denominator is zero, which is absolutely 

forbidden!  So, the domain of this function is the set of all real 

numbers except 5: 

   

 

 

 

IV. 
2
5 10=
5 24

xy
x x



 
 

 

 As in the previous example, we must make certain that the 

denominator is never zero; let’s see what values of x make it zero, 

and then exclude such values from our 

domain: 
 

   x2 + 5x  24  =  0 

   (x + 8)(x  3)  =  0 

   x + 8  =  0   or  x  3  =  0 

   x = 8  or  x = 3  
 

We conclude that the domain is all real 

numbers except 8 and 3: 

      

 

 

 

V. 
2

2 8=
10 25

xy
x x



 
 

 

First, we note that it’s perfectly O.K. for the numerator of a 

fraction to be 0, so the numerator has no role in determining the 

function's domain.  We focus on determining what values of x 

would make the bottom zero, and then exclude those values from 

the domain: 
 

 ℝ  {5}  

 ℝ  {8, 3} 

 

The Quadratic Formula could 
have been used to solve the 
quadratic equation in this 
problem. 
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 x2 + 10x + 25  =  0     

    (x + 5)(x + 5)  =  0 

 x + 5  =  0  or  x + 5  =  0 

 x  =  5  or  x  =  5  
 

We see that the only value of x that is not 

allowed in the domain is x = 5.  Hence, 

the domain of the function is all real 

numbers except 5: 

 

 

 

 

VI. 
2
2 6=

20

xy
x




 

 

Let’s see what makes the denominator zero (so we can exclude it 

from the domain.) 
 

  x2 + 20  =  0 

  x2  =  20 

  = 20x   , which are not real numbers. 
 

What do we conclude here?  

Well, we tried to figure out 

what values of x would make 

the denominator zero, so 

that we could exclude such 

an x from being in the 

domain.  But there aren’t 

any values of x that make 

the denominator zero.  So there is nothing to exclude from the 

domain.  Therefore, every real number is allowed in the function.  

The domain is 

 

 
ℝ 

ℝ  {5} 
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Homework 

Find the domain of each function: 

13. =y          14. 
2 9=
9 7
xy
x



     

15.   
2
2 1=
100

xy
x




      16. 

2

2

25=
49

xy
x




   

17. = 2 3y        18. = 3y        

19. 
2
2 3=
2 3

xy
x x




      20. 

2
3=

2
y

x x
 

21. y  =  x3  8       22. 9 7=
2 9
xy
x



     

23.   
2
5 25=

144

xy
x




      24. 

2
=

3

xy
x 

    

25. = 2 9y x        26.   
2
2=
81

xy
x




 

27. 
2

3=
2 5 3

y
x x 

     28. y  =  9      

29.  
2

1=
10 25

y
x x 

    30. 
2

2 7=
8 10 3

xy
x x



 
    

31.   
2
10=
100

xy
x




      32. 

2

2
5 1=

4 3

x xy
x x

 

 
 

33. 
2

3 7=
10 20

xy
x x




     34. 

2

2
14=

14 42

xy
x x




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   THE DOMAIN OF SQUARE ROOT FUNCTIONS 
 

EXAMPLE 1: Find the domain of  = 24 8y x . 

 

Solution: In this formula, we ask ourselves if anything could 

possibly go wrong using certain values of x.  Well, the square root 

of a negative number doesn’t exist in the real numbers, so 

certainly something could go wrong — for instance, if x = 4, then 

we’d have = 8y  .   
 

Now we need a statement that describes 

the legal x’s.  How about this:   
 

The square root of a quantity is defined 

(as a real number) only when that 

quantity is greater than or equal to zero.   
 

So, in this example, the radicand, 

24  8x, must be greater than or equal to 0; i.e.,  0 

    24  8x    0  (the radicand must be 0 or positive) 

    8x    24  (subtract 24 from each side) 

    x    3   (divide by 8, and reverse the inequality)  

 

Therefore, the domain is the set of all real numbers which are 

less than or equal to 3: 

 or, (, 3] in interval notation               

 

 

  

x    3 
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Homework 

Find the domain of each function:  

35. = 3 12y x        36. = 8 2y x  

37. = 7 15y x        38. = 4 1y x   

39. = 17 17y x       40. = 4 12y x   

41. = 4 1y x        42. = 10 10y x  

43. = 20y x        44. = 20y x  

45. = 3 15y x        46. = 30 7y x   

 

 

 

Review 
Problems 

Find the domain of each function: 

47. = 2y      48. 
2
2 6=
4 3

xy
x x



 
 

49. ( ) =x f      50. y  =  x3  17x + 1  

51. 2=
3

xy
x



     52. 
2
3=
20

y
x x 
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5. 3 is a legal input, since 3 3

3 2 1
= = 3


; no muss, no fuss. 

 2 is not legal, since 3 3= =
2 2 0

Undefined


. 

  is legal because nothing can go wrong. 

 0 is legal because 3
2

 is a perfectly fine number. 

 

6. 7  is a perfectly fine real number, so 7 is a legal input. 

 0  is also a real number (= 0), so 0 is legal. 

 9  is not a real number, so this number doesn’t exist in our current               

  world; hence, 9 is not a legal input. 

 99  is some real number (9 point something), so 99 is legal. 
 

7. When x = 12, we get 122  144  =  144  144  =  0 in the denominator.  

Zero in the denominator?  I don’t think so!  Thus, 12 is not a legal input. 

 20 is O.K. to use for x, just as 0 is fine for x.  So 20 and 0 are legal inputs. 

 But when x = 12, we’re in the same boat as when x was 12.  This is 

because when x = 12 we get 144  144  =  0 in the denominator, which is 

certainly not allowed.  Therefore, 12 is not legal. 
 

8. All four values of x are legal, since none of them makes the denominator 

zero. 
 

9. a. 4  b. 8  c. 1  d. 0  e.  Undefined 
 

10. 1/7;   Undefined;   1/5;   1/9;   1/8;   Undefined;   1/7;   1/16 

 When x = 3 or 3, the function is undefined due to dividing by zero.  It 

seems that no other inputs would produce a zero in the denominator.  So, 

our guess would be that the domain of h is all real numbers except 3 and 

3.  This domain can be written   {3, 3}, or   {3}    
 

11.   12.   {3}   13.   14.    79  15.   {10}  
 

16. , and here’s why:  No matter what x is, x2 is at least 0 (since x2 is never 

negative).  Now add 49 to something that is at least 0, and you now have 

a number which is at least 49; so the denominator x2 + 49 can never be 0.  

Since dividing by 0 is the only critical issue in this function, the domain 

is all real numbers. 
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17.    18.     19.    320,    20.   {0, 2} 

21.    22.    92   23.   { 12 }  24.  

25.    26.   { 9 }  27.    123,    28.  

29.   {5} 30.    1 3
4 2
,  31.     32.    341,   

33.   {0, 2} 34.   {0, 3}  35. x  4   36. x  4    

37. 15
7

x    38. 1
4

x     39. x  1    40. x  3    

41. 1
4

x     42. x  1   43. x  0   44. x  20    

45. x  5  46. 30
7

x      47.     48.   {1, 3}   

49.    50.     51.   {3}   52.   {5, 4}   

53.   {0, 1} 54.   {0, 2}  55. x  2   56.   { 20 }   

57.    73  58.    25   59.     60.     

61. 4
3

x    62. x  2   63.    17

2
   64.  7

3
     

 

NOTE:  All of the domains in the solutions involving inequalities could also be 

written in Interval Notation.  Examples: 

 

  4x   can be written [4, ) . 
 

  3x    can be written ( , 3)  . 
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